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Preface to Volume 3
Paul R. Yarnold, Ph.D.
Optimal Data Analysis, LLC

Manucripts published in Optimal Data
Analysis (ODA) are parsed into sections, more
of which are added as new domains of inquiry
arise. Not every Release of every Volume
presents articles in every section. Sections in
this Volume, and the articles they host, are
briefly described below. The present volume
includes a comment from the Editor about the
major challenges to validity and reproducibility
of scientific findings reported in the literature.
Method has articles about technical
aspects of optimal and heuristic algorithms and
analytic processes. The lead paper demonstrates
how to assess and compare inter-observer or
inter-rater reliability of triage scores, for data
obtained from ten raters using the Emergency
Severity Index (Version 3) or the Canadian
Triage Acuity Scale to rate 200 patients. The
second paper uses the same data to demonstrate
evaluation of inter-method or parallel-forms
reliability of triage scores developed using
different triage algorithms. The third and fourth
papers introduce novometrics and the
identification of globally-optimal UniODA and
CTA models for any metric of class variable and
any number and metric of attributes. The fifth
paper discusses the rational for discrete
confidence intervals for ODA model- and
chance-based classification, and provides an
empirical demonstration.
Versus presents articles featuring two or
more competing alternative methodologies (at
least one optimal). The lead paper compares 10month-old infant smile status and inter-glance
interval for attentive versus inattentive mothers:
while chi-square finds no statistically significant

effects, UniODA finds children with inattentive
mothers smile less often, with greater interglance intervals. The second article compares
two migraine treatments: crucial assumptions
underlying conventional tests render them
inappropriate for the analysis, but UniODA has
no such difficulty. The third paper compares
two infant typologies on two attributes using
UniODA, versus an eyeball analysis which uses
chi-square to miss the findings. The fourth paper
assesses concordance between clinician and
patient ratings of the patient’s physical and
medical functioning, rated using 4-point
categorical ordinal scales, comparing weighted
kappa versus confirmatory UniODA. The fifth
article evaluates long-term test-retest reliability,
and parallel-forms reliability, for Structured
Interview- and self-assessments, comparing
kappa versus confirmatory UniODA. The sixth
paper compares UniODA and logistic regression
analysis, evaluating the relationship between
serum cholesterol and coronary disease and
mortality. Article seven compares UniODA and
polychoric correlation, investigating the
agreement between the number of lambs born
between two successive years. The eighth paper
illustrates the use of UniODA as a superior
measure of compositional dissimilarity versus
the widely-used Bray-Curtis dissimilarity index.
The ninth manuscript discusses and illustrates
the difference between ROC- and UniODAbased optimal discriminant thresholds, and the
tenth discusses the difference between Kendall’s
W and UniODA measures of inter-rater
agreement for rank data.
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Application presents articles which use
optimal statistical methodology to address any
applied topics in all academic disciplines. The
lead paper uses UniODA and CTA to explore
the relationship between Type A behavior and
savoring beliefs. The second article ascertains
the aspects of medical care which influence
patient decisions to recommend an Emergency
Department to others. The third paper creates a
triage algorithm for community-acquired
pneumonia of Emergency Department patients,
and discusses the deleterious effect of missing
data values.
Research Notes give solutions to issues
encountered in the research process relevant for
maximizing predictive accuracy, and enable the
rapid dissemination of notes about promising
new research directions that may be of general
interest to the maximum-accuracy community.
The lead article uses a hypothetical example to
illustrate how arbitrary parsing of ordinal
variables can reduce the accuracy of statistical
models. The second article uses CTA to predict
hospital admission of Emergency Department
patients based on the Emergency Severity
Index, for a sample of 160,000 patients. The
third paper uses hierarchically optimal CTA to
predict adverse drug reactions secondary to
warfarin therapy. The fourth manuscript uses
UniODA and CTA to compare extreme Type A
and Type B college undergraduates on ten
dimensions of savoring, and the fifth article uses

the same methods to compare extreme A and B
undergraduates on optimism and pessimism.
The sixth note investigates aspect of medical
care received which best discriminate
Emergency Department (ED) patients who are
ambivalent versus who are likely to recommend
the ED to others, and the seventh paper
determines the aspects of care which most
dissatisfy ED patients. The eighth note shows
how 95% confidence intervals reveal model
redundancy. The ninth paper determines the
aspects of care which most satisfy ED patients.
Errata contributions atone for prior
transgressions committed in ODA and in other
journals. The lead note presents a corrected
illustration of the first CTA model which was
published in the field of medicine. The second
note corrects an error committed in a book
chapter, clarifying the etiology (genesis) and
meaning of the nomenclature “optimal”.
Author Notes
Mail: Optimal Data Analysis, LLC
6348 N. Milwaukee Ave., Suite 163
Chicago, IL 60646
eMail: Journal@OptimalDataAnalysis.com
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UniODA vs. Chi-Square: Audience Effect
on Smile Production in Infants
Paul R. Yarnold, Ph.D.
Optimal Data Analysis, LLC

This study compares 10-month-old infant smile status and interglance interval for attentive versus inattentive mothers. Statistical
analysis by chi-square found no significant effects, while UniODA
found that infants with inattentive mothers smile less often, with
greater inter-glance intervals.

Investigating smile production in 10-month-old
infants, Jones, Collins and Hong1 compared type
of smile and inter-glance interval for attentive
versus inattentive mothers (Table 1). Interglance interval (in seconds) was arbitrarily split
into five levels. These levels were considered to
be categorical, rather than ordinal, to enable
statistical analysis via chi-square, despite marginal minimum expectations.2 This erroneous
practice is commonly seen in the applied literature.3,4 Analysis via chi-square was unrevealing:
“The distributions of inter-glance intervals preceding smiles in the Attentive and Inattentive
conditions were not reliably different from one
another or from the distributions for non-smiling
glances in each condition. Furthermore, distributions of inter-glance intervals preceding
SM smiles were also the same in the Attentive and Inattentive conditions. Finally, the distributions of all inter-glance intervals did not
differ in the two conditions” (p. 48).1
UniODA3 was run using MegaODA5-8
software. The class variable was mother’s
attention status (0=inattentive, 1=attentive).
The dummy-coded attributes were infant’s smile
status (1=SM, 2=MS, 3=No Smile), and

inter-glance interval (1=<5 secs, 2=6-15 secs,
3=16-30 secs, 4=31-60 secs, 5=>60 secs).
Table 1: Inter-glance interval preceding
anticipatory smiles to mother (SM), smiles
during glances (MS), and non-smiling glances
to mother (No Smile), for attentive and
inattentive mothers (Jones et al., 1991).
Attentive Mother Condition
Inter-glance
Infant Smile Status
Interval
SM MS No Smile
< 5 secs
8
2
10
6-15 secs
8
7
16
16-30 secs
13
4
16
31-60 secs
5
8
10
> 60 secs
4
4
8
Inattentive Mother Condition
Inter-glance
Infant Smile Status
Interval
SM MS No Smile
< 5 secs
1
0
9
6-15 secs
6
1
15
16-30 secs
1
3
14
31-60 secs
3
2
17
> 60 secs
5
4
15
-----------------------------------------------------Note: Tabled are frequency counts.
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For infant smile status the UniODA
model was: if Smile=3 (No Smile) then predict
class=Inattentive; otherwise predict class=
Attentive. The model achieved a moderate ESS
of 24.1 (p<0.0003), and results were stable in
jackknife validity analysis. The model correctly
classified 70 (73%) of 96 inattentive mothers,
and 63 (51%) of 123 attentive mothers. A
UniODA-based range test analysis9,10
comparing only the two types of smiles was
unrevealing (ESS=1.2, p<0.99).
For infant inter-glance interval the
UniODA model was: if Interval<3.5 (<30 secs)
then predict class=Attentive; otherwise predict
class=Inattentive. The model achieved a weak
ESS of 16.2 (p<0.011), and results were stable
in jackknife validity analysis. The model
correctly classified 46 (48%) of 96 inattentive
mothers, and 84 (68%) of 123 attentive mothers.
In summary, while chi-square analysis
found no statistically reliable effects, UniODA
discovered that infants smile less often, with
greater inter-glance intervals, with inattentive
mothers. No multivariable model was possible:
classification tree analysis11,12 indicated only
infant smile status entered the model.
In the present case it didn’t matter (i.e.,
the UniODA model didn’t change, and changes
in p which occurred didn’t change interpretation
of the effect) whether interval was treated as
being ordered, or categorical (i.e., by including
interval in the CAT command8). It is unknown
to what extent this is true in published literature,
but it is recommended that in future research
variables which truly are measured using an
ordinal scale are treated as though they were in
fact measured using an ordinal scale.3

Yarnold JK (1970). The minimum expectation
of chi-square goodness-of-fit tests and the
accuracy of approximations for the null
distribution. Journal of the American Statistical
Association, 65, 864-886.
3

Yarnold PR, Soltysik RC (2005). Optimal data
analysis: A guidebook with software for
Windows. Washington, DC: APA Books.
4

Yarnold PR (2010). UniODA vs. chi-square:
Ordinal data sometimes feign categorical.
Optimal Data Analysis, 1, 62-65.
5

Soltysik RC, Yarnold PR. (2013). MegaODA
large sample and BIG DATA time trials:
Separating the chaff. Optimal Data Analysis, 2,
194-197.
6

Soltysik RC, Yarnold PR (2013). MegaODA
large sample and BIG DATA time trials:
Harvesting the wheat. Optimal Data Analysis, 2,
202-205.
7

Yarnold PR, Soltysik RC (2013). MegaODA
large sample and BIG DATA time trials:
Maximum velocity analysis. Optimal Data
Analysis, 2, 220-221.
8

UniODA analysis was accomplished using the
following MegaODA code (commands are
indicated in red; non-directional exploratory
analysis is conducted as there was no a priori
hypothesis):
open data;
output smile.out;
vars mother smile interval;
data;
1 1 1 (repeated 8 times)
1 1 2 (repeated 8 times)
1 1 3 (repeated 13 times)
1 1 4 (repeated 5 times)
1 1 5 (repeated 4 times)
1 2 1 (repeated 2 times)
1 2 2 (repeated 7 times)
1 2 3 (repeated 4 times)

References
1

Jones SS, Collins K, Hong HW (1991). An
audience effect on smile production in 10month-old infants. Psychological Science, 2, 4549.
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1 2 4 (repeated 8 times)
1 2 5 (repeated 4 times)
1 3 1 (repeated 10 times)
1 3 2 (repeated 16 times)
1 3 3 (repeated 16 times)
1 3 4 (repeated 10 times)
1 3 5 (repeated 8 times)
0 1 1 (repeated 1 time)
0 1 2 (repeated 6 times)
0 1 3 (repeated 1 time)
0 1 4 (repeated 3 times)
0 1 5 (repeated 5 times)
0 2 2 (repeated 1 time)
0 2 3 (repeated 3 times)
0 2 4 (repeated 2 times)
0 2 5 (repeated 4 times)
0 3 1 (repeated 9 times)
0 3 2 (repeated 15 times)
0 3 3 (repeated 14 times)
0 3 4 (repeated 17 times)
0 3 5 (repeated 15 times)
end;
class mother;
attr smile interval;
cat smile;
mcarlo iter 25000;
loo;go;

ex smile=3;
go;
9

Yarnold PR, Brofft GC (2013). ODA range test
vs. one-way analysis of variance: Comparing
strength of alternative line connections. Optimal
Data Analysis, 2, 198-201.
10

Yarnold PR (2013). ODA range test vs. oneway analysis of variance: Patient race and lab
results. Optimal Data Analysis, 2, 206-210.
11

Soltysik RC, Yarnold PR (2010). Automated
CTA software: Fundamental concepts and
control commands. Optimal Data Analysis, 1,
144-160.
12

Yarnold PR (2013). Initial use of
hierarchically optimal classification tree
analysis in medical research. Optimal Data
Analysis, 2, 7-18.
Author Notes
Mail: Optimal Data Analysis, LLC
6348 N. Milwaukee Ave., Suite 163
Chicago, IL 60646
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UniODA vs. Student’s t-Test: Comparing
Two Migraine Treatments
Paul R. Yarnold, Ph.D.
Optimal Data Analysis, LLC

This study evaluates the number of migraine attacks experienced in a
clinical trial of two alternative treatments, for a sample of 67 patients.
Several conventional statistical methods were used to compare the
number of attacks between treatments, but all of these methods were
compromised by violations of their underlying assumptions. Only an
exact test motivated by an eyeball spline was revealing. UniODA was
used to compare treatments, and identified the latter effect.

Appleton1 evaluated the number of migraine
attacks experienced in a clinical trial of two
alternative treatments, for a sample of 67
patients (Table 1), using several methods.

square root transformation (p<0.06), and then a
log transformation (p<0.07), and again failed to
identify a reliable mean difference. And, crucial
assumptions underlying Student’s t-test were
violated by the data.1,2
The nonparametric Mann-Whitney Utest was attempted next (p<0.07), but again the
requirements of the test weren’t met (too many
tied values). A normal test assuming a Poisson
distribution was attempted next, and it identified
a statistically significant effect (p<0.04), but the
Poisson assumption was untenable.1
Such failure of real-world samples to
comply with the restrictive assumptions which
underlie suboptimal paradigms—such as general
linear model and maximum-likelihood—is more
the rule than the exception.2,3
Appleton decided to use Fisher’s exact
test, but a methodology to spline the number of
migraine attacks into a binary indicator was
needed: “…after discretizing the data at some
point, probably between no attacks and one or
more” (p. 242). For a cut-off between 0 and 1 it
was reported, exact p<0.029.

Table 1: Data for 67 patients from a clinical trial
of two migraine treatments (Appleton, 1995).
Number of Attacks

Treatment 1

Treatment 2

0
13
5
1
9
13
2
4
6
3
2
1
4
1
2
5
1
3
6
3
3
7
0
1
--------------------------------------------------------------Note: Tabled are frequency counts.

Student’s t-test was first used to compare
the mean number of attacks between treatments,
but the result wasn’t statistically significant
(p<0.14). Student’s t-test was employed again to
compare the data after modification using a
6
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In contrast to conventional statistical
methods, with ODA one has no worries about
parent distributions (p is always exact), or about
where to spline (cut) an ordered attribute (ODA
always finds the model which maximizes the
classification accuracy).2,3 In the present
application UniODA analysis2 was performed
with MegaODA4-7 software. The class variable
was treatment group (dummy-coded as 1 and 2),
and the ordered attribute was the number of
migraine attacks. Consistent with Appleton’s
eyeball spline, the UniODA model identified
was: if Number of Attacks>0 then predict
class=Treatment 2; otherwise predict class=
Treatment 1. The model achieved a moderate
ESS of 24.7, and the result was marginally
significant (exact p<0.085). The model correctly
classified 13 (39%) of 33 patients undergoing
treatment 1, and 29 (85%) of 34 patients
undergoing treatment 2. The model was correct
72% of the time that it predicted a patient
experienced treatment 1, and 59% of the time it
predicted a patient experienced treatment 2.
Stable classification performance was
obtained in “leave-one-out” (jackknife) validity
analysis, but was statistically significant (exact
p<0.0218) because the UniODA model is
applied a priori to the jackknife sample.2
Unlike the conventional tests employed
earlier, UniODA provided a valid (there are no
required population-based assumptions that may
be violated by data), exact Type I error rate; a
normed measure of classification accuracy
relative to chance (ESS) for the specific data at
hand; and a statistical model which explicitly
maximizes (weighted) classification accuracy
for the sample. Conventional statistical methods
are rarely valid, but UniODA is always exact.
Conventional methods omit classification
accuracy from their formulation, but UniODA
identifies the model which explicitly maximizes
classification accuracy for the sample. There is
little rational motivation to continue using
conventional suboptimal methods to perform
approximate statistical analyses.2,3

References
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UniODA analysis was accomplished using the
following MegaODA code (commands are
indicated in red; non-directional exploratory
analysis is conducted as there was no a priori
hypothesis):
open data;
output migraine.out;
vars group attacks;
data;
1 0 (repeated 13 times)
1 1 (repeated 9 times)
1 2 (repeated 4 times)
1 3 (repeated 2 times)
1 4 (repeated 1 time)
1 5 (repeated 1 time)
1 6 (repeated 3 times)
2 0 (repeated 5 times)
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2 1 (repeated 13 times)
2 2 (repeated 6 times)
2 3 (repeated 1 time)
2 4 (repeated 2 times)
2 5 (repeated 3 times)
2 6 (repeated 3 times)
2 7 (repeated 1 time)
end;
class group;
attr attacks;

mcarlo iter 25000;
loo;
go;
Author Notes
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UniODA vs. Chi-Square: Discriminating
Inhibited and Uninhibited Infant Profiles
Paul R. Yarnold, Ph.D.
Optimal Data Analysis, LLC

Kagan and Snidman1 investigated processes mediating early reactivity
to stimulation in a longitudinal study of 94 four-month-old infants
who displayed a combination of either high motor activity and
frequent crying, or low motor activity and infrequent crying. Fearful
behavior assessed at 9 and 14 months of age was examined in relation
to these two infant typologies. Eyeball analysis, which was confirmed
statistically using chi-square analysis, revealed that 40% of low motor
activity infants displayed “low fear” (which was arbitrarily defined as
one or fewer fears) at both 9 and 14 months, versus 0% of high motor
activity infants. When UniODA was applied to these data it identified
statistically reliable effects at 9- and 14-months: the strongest effect
occurred at 14 months. Applying CTA to these data revealed that a
multiattribute model wasn’t feasible.

class=high-motor infants.12 The model achieved
a moderate ESS of 40.1, and the result was
statistically significant (p<0.009). The model
correctly classified 22 (63%) of 35 low-motor
infants, and 17 (77%) of 22 high-motor infants.
The model was correct 81% of the time that it
predicted an infant was low-motor, and 57% of
the time it predicted an infant was high-motor.
Classification performance fell in leaveone-out (jackknife) validity analysis: ESS=26.5,
p<0.05. The model correctly classified 63% of
low-motor infants, and 64% of high-motor
infants. The model was correct 73% of the time
that it predicted an infant was low-motor, and
52% of the time it predicted an infant was highmotor. This level of classification performance
is expected if the present cut-point is used to
classify independent random infant samples.2

Data in this study feature extensive dispersion
across number of fears at both 9- and 14-months
within both infant typologies. Such complexity
makes eyeball analysis a complex and difficult
task. Indeed, as seen in Table 1, the chi-squareconfirmed eyeball finding1 (indicated in red)
fails to address most data in the sample.
Such classification problems are readily
solved using UniODA2,3 and CTA.4,5 Presently,
infant typology is treated as the dummy-coded
class variable: low-motor/infrequent crying=0;
high-motor/frequent crying=1 (actual dummycode values used are arbitrary).6,7 The number
of fears at 9 months, and at 14 months, are both
treated as ordered attributes.8
For 9-month data the UniODA model
was: if number of attacks<1 then predict that
class=low-motor infants; otherwise predict
9
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Table 1: Number of fears at 9 and 14 months of
age for infants classified as either high motorhigh cry or low motor-low cry at four months of
age: red indicates the eyeball analysis finding

class=high-motor infants. The model achieved a
relatively strong ESS of 65.2, and the result was
statistically significant (p<0.0001). The model
correctly classified 74% of low-motor infants,
and 91% of high-motor infants. The model was
correct 93% of the time that it predicted an
infant was low-motor, and 69% of the time it
predicted an infant was high-motor. The model
performance was stable in jackknife analysis,
suggesting the finding is likely to crossgeneralize with comparable strength if applied
to an independent random sample of infants.
No multivariable model was possible:
CTA4,5 indicated that only the 14-month data
entered the model.
These findings add to a growing body of
literature which suggests that rather than strain
eyeballs and rattle ancient inappropriate analytic
methods in the hopes of making sense of data, it
is easier and more productive to use state-ofthe-art, exact maximum-accuracy methods to
identify underlying relationships in exploratory
research, and precisely evaluate confirmatory
hypotheses—in all of empirical research.

Number of Fears
Number of Infants
9 Months 14 Months Low-Motor High-Motor
0
0
3
0
0
1
7
0
0
2
2
0
3
3
2
1
0
1
0
1
1
3
0
1
3
2
1
1
5
1
1
6
1
1
>8
1
2
1
1
2
2
2
1
2
3
1
2
4
1
1
3
0
1
3
1
1
3
2
1
3
3
1
3
4
2
3
5
1
3
6
2
3
7
1
3
>8
1
4
0
2
4
1
1
4
3
1
4
4
1
4
6
1
4
7
1
5
2
1
5
>8
1
>6
0
1
>6
6
2
---------------------------------------------------------
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600
6 6 1 (repeated 2 times)
8

UniODA analysis was accomplished using the
following MegaODA9-11 code: commands are
indicated in red; a non-directional exploratory
analysis was conducted because there was no a
priori hypothesis.

7

The ASCII data set, called kagan.txt, was
constructed as follows: the variables are 9- and
14-month fears, and typology, respectively.
0 0 0 (repeated 3 times)
0 1 0 (repeated 7 times)
0 2 0 (repeated 2 times)
0 3 0 (repeated 3 times)
0 3 1 (repeated 2 times)
100
1 1 0 (repeated 3 times)
1 3 0 (repeated 2 times)
131
150
161
181
210
2 2 0 (repeated 2 times)
221
231
240
241
301
310
320
331
3 4 1 (repeated 2 times)
351
3 6 1 (repeated 2 times)
371
381
4 0 0 (repeated 2 times)
410
431
441
460
470
520
581

open kagan.txt;
output kagan.out;
vars month9 month14 kid_type;
class kid_type;
attr month9 month14;
mcarlo iter 25000;
loo;
go;
9
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194-197.
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UniODA and eyeball cutpoints are the same.
UniODA applied this to 9-month data, Kagan to
9- and 14-month data. A different cut-point is
appropriate for the 14-month data (see ahead).
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UniODA vs. Weighted Kappa: Evaluating
Concordance of Clinician and Patient
Ratings of the Patient’s Physical and
Mental Health Functioning
Paul R. Yarnold, Ph.D.
Optimal Data Analysis, LLC

This study investigated the concordance between clinician and patient
assessments of patient’s physical and mental functioning, made using
4-category ordinal scales, for a consecutive sample of 166 outpatients
with rheumatoid arthritis. Weighted kappa isn’t a normed statistic, but
the respective weighted kappa statistic obtained for the assessments,
0.39 and 0.30, are believed to reflect fair concordance. Data were also
analyzed via confirmatory UniODA models which hypothesized that
physician and patient ratings agreed. Findings indicated relatively
strong concordance for the physical health ratings (ESS=55.5), and
moderate concordance for mental health ratings (ESS=43.3).

Table 1 is the inter-rater cross-classification
table for physical health ratings.1 A weighted
kappa statistic was used to assess concordance
between clinician and patient ratings. Weighted
kappa has been criticized on many grounds2 and
its validity presently can be called into question.
In Table 1 the null cell entries compromise the
validity of estimated p, and the disproportionate
row and column marginal totals compress the
maximum attainable upper limit of the statistic,
for example. For these data, weighted kappa
was reported as 0.39, with estimated p<0.0001.
Detailed discussion and examples of the
application of UniODA in reliability analysis is
available elsewhere.2 A confirmatory UniODA
analysis was conducted presently to test the

Table 1: Agreement matrix comparing clinician
versus patient ratings of patient’s physical
health status (Kwoh et al., 1992).
Patient
Rating

Clinician Rating
Complete Adequate Limited Incapacitated

Complete

11

12

0

0

Adequate

12

65

28

0

Limited

0

13

21

3

Incapacitated

0

0

0

1

--------------------------------------------------------------Note: Tabled are frequency counts.

a priori hypothesis that the clinician and patient
ratings agree—that is, that ratings fell into the
major diagonal running from the upper left-hand
12
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2

corner to the lower right-hand corner of the
inter-rater cross-classification table.3 The model
achieved relatively strong2 ESS of 55.5, and was
statistically significant (p<0.0001). Off-diagonal
entries indicate disagreements between clinician
and patient ratings, reflecting “local instability”
along the domain of the rating scale.2
Table 2 presents the inter-rater crossclassification table for mental health ratings.1
For these data, weighted kappa was reported as
0.30, with estimated p<0.0001. For these data a
confirmatory UniODA analysis yielded a
moderate ESS of 43.3, which was statistically
significant (p<0.0001).

Yarnold PR, Soltysik RC (2005). Optimal data
analysis: A guidebook with software for
Windows. Washington, DC: APA Books. See p.
124 for discussion of weighted kappa. For local
instability see pp. 137-138, and Figure 7.1.c.
3

UniODA analysis of the physical rating data
was accomplished using the following code:
commands are indicated in red.2
OPEN DATA;
OUTPUT Kwoh.out;
VARS doctor patient;
CLASS patient;
ATTR doctor;
DIRECTIONAL < 1 2 3 4;
MCARLO ITER 25000;
DATA;
1 1 (11 times)
2 1 (12 times)
1 2 (12 times)
2 2 (65 times)
3 2 (28 times)
2 3 (13 times)
3 3 (21 times)
4 3 (3 times)
44
END DATA;
GO;

Table 2: Agreement matrix comparing clinician
versus patient ratings of patient’s mental
health status (Kwoh et al., 1992).
Patient
Rating

Clinician Rating
Complete Adequate Limited Incapacitated

Complete

46

28

2

1

Adequate

19

40

6

0

Limited

2

18

2

1

Incapacitated

0

0

0

1

--------------------------------------------------------------Note: Tabled are frequency counts.

In contrast to weighted kappa, UniODA
tests the a priori hypothesis that raters agree;
UniODA provides an exact Type I error rate;
and the index of UniODA performance is
normed—for every UniODA analysis the ESS
which is expected by chance is 0, and errorless,
perfect classification is 100. There is no
apparent rational reason to use weighted kappa
in applications such as the present.
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UniODA vs. Kappa: Evaluating the LongTerm (27-Year) Test-Retest Reliability
of the Type A Behavior Pattern
Paul R. Yarnold, Ph.D.
Optimal Data Analysis, LLC

This 27-year follow-up investigated long-term stability of Type A
behavior (TAB) for 1,180 surviving participants in the Western
Collaborative Group Study. The kappa statistic was used to assess
reliability among and between self- and Structured Interview-based
TAB assessments. Results indicated fair temporal reliability for selfassessments (kappa=0.39), moderate temporal reliability for
Interview-assessments (0.24), and low parallel-forms reliability for
self and Interview assessments at intake (0.16) or follow-up (0.11).
In contrast, for these data UniODA found relatively strong temporal
reliability for self-assessments (ESS=50.2), and weak effects for all
other estimates (ESS<23.3).

Table 1 presents the 27-year test-retest
cross-classification table obtained for TAB
assessments (Type A or Type B) based on the
Structured Interview (SI).1 As seen, 32% of
Type As became Type Bs, and 45% of Type Bs
became Type As. Although criticized on several
grounds2 the kappa statistic was used to assess
temporal reliability. Here kappa=0.24, reflecting
“moderate” reliability (estimated p<0.0001).
Discussion and examples of application
of UniODA in reliability analysis is presented
elsewhere.2 A confirmatory UniODA analysis
was conducted presently to test the a priori
hypothesis that TAB assessments are consistent
across time—that is, ratings fell into the major
diagonal running from the upper left-hand
corner to the lower right-hand corner of the testretest cross-classification table.3 The UniODA

Table 1: Stability of Structured Interview-based
assessments of TAB over 27-year test-retest
interval (Carmelli et al., 1991)
Second
Rating
Type A

Initial Rating
Type A
Type B
372

284

Type B
175
349
----------------------------------------------Note: Tabled are frequency counts.

model achieved relatively weak2 ESS of 23.3
(exact p<0.0001), indicating relatively weak
test-retest reliability.
Table 2 gives the 27-year test-retest
cross-classification table for TAB self14
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assessments.1 As seen, 56% of Type As became
Type Bs, and 3% of Type Bs became Type As.
For these data, kappa=0.39, reflecting “fair”
reliability (estimated p<0.0001). A confirmatory
UniODA model achieved relatively strong2 ESS
of 50.2 (exact p<0.0001), indicating relatively
strong test-retest reliability. Here the stability is
attributable to Type Bs. The instability of the
Type As underscores the success of efforts to
modify TAB behavior at the study outset.1

For intake data kappa=0.16, and for
follow-up data kappa=0.11: both results indicate
“low” inter-method concordance and have
estimated p<0.01.
For intake data the confirmatory
UniODA model yielded ESS=16.9 (exact
p<0.0001), and for follow-up data UniODA
achieved ESS=13.8 (exact p<0.002): both
indicate relatively weak parallel-forms
reliability.
In contrast to kappa, UniODA tests the a
priori hypothesis that data are consistent across
time, or that different methods agree; UniODA
provides an exact Type I error rate; and the
index of UniODA performance is normed—for
every UniODA analysis the ESS which is
expected by chance is 0, and errorless, prefect
classification is 100. There thus is no apparent
rational reason to use kappa in applications such
as the present.

Table 2: Stability of TAB self-assessments over
27-year retest interval (Carmelli et al., 1991)
Second
Rating
Type A

Initial Rating
Type A
Type B
180

8

Type B
227
272
----------------------------------------------Note: Tabled are frequency counts.
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Study Intake
Self
Rating

SI-Based Rating
Type A
Type B

Type A

209

95

Type B

199

185

3

UniODA analysis of data in Table 1 was
accomplished using the following code:
commands are indicated in red.2

Study Follow-Up
Self
Rating
Type A

OPEN DATA;
CATEGORICAL ON;
OUTPUT carmelli.out;
TABLE 2;
CLASS ROW;
DIRECTIONAL < 1 2;
MCARLO ITER 25000;

SI-Based Rating
Type A
Type B
118

67

Type B
243
243
----------------------------------------------Note: Tabled are frequency counts.
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DATA;
372 284
175 349
END DATA;
GO;
Author Notes
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UniODA vs. Logistic Regression:
Serum Cholesterol and Coronary Heart
Disease and Mortality Among Middle
Aged Diabetic Men
Paul R. Yarnold, Ph.D.
Optimal Data Analysis, LLC

The effect of serum cholesterol level on coronary heart disease and
mortality was assessed for middle aged diabetic men in a prospective
population study.1 Logistic regression was used to test the linear trend
over quintiles, yielding estimated p<0.02. However the validity of the
estimated Type I error rate is called into question because the
minimum expectation for chi-square was violated. UniODA was
applied to these data and identified a model yielding moderate
classification accuracy (ESS=29.9, exact p<0.0006), which was stable
in jackknife validity analysis.

In Table 1 the expected value for the cell having
two entries is 4.71, which is less than the
minimum expectation which is recommended
for this design.2

Because it was hypothesized that serum
cholesterol level is positively predictive of the
development of heart disease and mortality, a
directional (confirmatory) UniODA analysis
was conducted on these data.3,4 The UniODA
model was: if serum cholesterol<7.3 mmol/l
then predict NO heart disease; otherwise predict
positive for heart disease. In this model only the
highest quintile of serum cholesterol level was
positively predictive of disease and mortality.
The model correctly classified 168 of 206 (82%)
men without heart disease, and 15 of 31 (48%)
men who were positive for heart disease. The
model was correct 91% of the time it predicted
no disease, and 28% of the time that heart
disease was predicted to occur. The model
performance was stable in jackknife analysis,

Table 1: Number of diabetic men developing
coronary heart disease or dying during followup, by quintiles of serum cholesterol1
Heart
NO Heart
Serum Cholesterol
Disease
Disease
< 5.5 mmol/l
3
53
5.6-6.1 mmol/l
2
34
6.2-6.6 mmol/l
6
33
6.7-7.3 mmol/l
5
48
>7.3 mmol/l
15
38
--------------------------------------------------------------Note: Tabled are frequency counts.
17

Optimal Data Analysis
Vol. 3 (March 29, 2014), 17-18

Copyright 2014 by Optimal Data Analysis, LLC
2155-0182/10/$3.00

which is thus expected to cross-generalize if
used to classify an independent random sample.3
It has been noted elsewhere3 but is worth
repeating here, that making arbitrary splines on
ordinal measures can mask actual effects or can
create artificial effects, and therefore using each
subject’s actual data is recommended.

0 5 (repeated 38 times)
end;
class disease;
attr serum;
dir < 0 1;
mcarlo iter 25000;
loo;
go;
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UniODA analysis was accomplished using the
following MegaODA5-7 code (commands are
indicated in red). Heart disease status was
dummy-coded as 0=negative, 1=positive; serum
cholesterol level was indicated as quintile
(1=lowest, 5=highest).8
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open data;
output coronary.out;
vars disease serum;
data;
1 1 (repeated 3 times)
1 2 (repeated 2 times)
1 3 (repeated 6 times)
1 4 (repeated 5 times)
1 5 (repeated 15 times)
0 1 (repeated 53 times)
0 2 (repeated 34 times)
0 3 (repeated 33 times)
0 4 (repeated 48 times)
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“Breaking-Up” an Ordinal Variable Can
Reduce Model Classification Accuracy
Paul R. Yarnold, Ph.D.
Optimal Data Analysis, LLC

Arbitrary parsing of ordinal variables is omnipresent throughout the
literature. A hypothetical example demonstrates how arbitrary parsing
can reduce the accuracy of a statistical model.

Imagine ten randomly selected attendees of an
art auction volunteered information on whether
they purchased an item (yes=1, no=0), and their
age in years. Table 1 presents hypothetical data
for this imaginary field study.

(p<0.008), and the results reveal that people
older than 34 years of age were most likely to
purchase an item.
Imagine age was arbitrarily parsed into
categories: ages 20-29 coded2 as “1”; 30-39 as
“2”; and 40-49 as “3”. For these data (Table 1)
the UniODA model is: if Age<“1” (20-29 years)
then predict NO purchase; otherwise predict a
purchase occurs. This model misclassified two
people (ages 31 and 33), and this result wasn’t
statistically significant, p<0.29. Clearly, parsing
an attribute may mask cut-off scores that would
otherwise provide greater accuracy.

Table 1: Purchasing and age (hypothetical)
Was Item Purchased
0
0
0
0
0
1
1
1
1
1

Age

Recoded Age

23
25
27
31
33
35
39
41
45
49

1
1
1
2
2
2
2
3
3
3
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UniODA can be used to predict whether
or not an item was purchased as a function of
customer age. Presently the UniODA model is:
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correctly classifies every subject in the sample
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Emergency Severity Index (Version 3)
Score Predicts Hospital Admission
Paul R. Yarnold, Ph.D. and Robert C. Soltysik, M.S.
Optimal Data Analysis, LLC

Hospital admission status, Emergency Severity Index (ESI) Version 3
triage score, and binary indicators of whether lab work or radiological
examinations were completed in the Emergency Department (ED),
were available for 160,471 patients seen over a three-year period in
the ED of a leading community teaching hospital in Toronto.
Hierarchical CTA conducted for these data yielded ESS=63.8, a
relatively strong effect. The model correctly classified 80.2% of the
admitted patients, and 83.6% of the patients who weren’t admitted.
The model was correct 60.1% of the time that it predicted that a
patient would be admitted, and correct 93.2% of the time that it
predicted that a patient wouldn’t be admitted.

Figure 1 illustrates the hierarchicallyoptimal CTA model developed1 using these
data2. As seen, ESI score stratified the sample
into three groups: ESI scores of 1 or 2 were
associated with highest likelihood of admission;
scores of 3 were associated with intermediate
likelihood of admission; and scores of 4 or 5
were associated with the lowest likelihood of
admission. For each of these three strata, a
binary indicator of whether laboratory work was
completed in the ED was the initial attribute,
followed by a binary indicator of whether
radiological work was completed in the ED.
If no laboratory work was completed in
the ED then the likelihood of admission is 2.3
times greater for patients with ESI scores of 1 or
2 versus scores of 3; 10.4 times greater for
patients with ESI scores of 3 versus scores of 4
or 5; and 24.2 times greater for patients with
ESI scores of 1 or 2 versus scores of 4 or 5.

If lab work was completed in the ED,
but no radiological work was completed, then
the likelihood of admission is 3.0 times greater
(versus patients with no lab work) for patients
with ESI scores of 1 or 2; 3.8 times greater for
patients with ESI scores of 3; and 9.8 times
greater for patients with ESI scores of 4 or 5.
Also, the likelihood of admission is 1.8 times
greater for patients with ESI scores of 1 or 2
versus 3; 4.0 times greater for patients with ESI
scores of 3 versus scores of 4 or 5; and 7.4 times
greater for patients with ESI scores of 1 or 2
versus scores of 4 or 5.
Finally, if radiological work was also
completed in the ED, likelihood of admission is
1.9 times greater (versus patients with no
radiological work) for patients with ESI scores
of 1 or 2; 2.4 times greater for patients with ESI
scores of 3; and 4.6 times greater for patients
with ESI scores of 4 or 5. And, the likelihood of
20
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Figure 1: Hierarchical CTA Model for Hospital Admission (all p<0.0001)
ESI
SCORE
1,2

4,5
3

Lab Work
in ED

No

Lab Work
in ED

Yes

13.3%
Admitted

No

N=5,782

No

Yes

5.7%
Admitted

X-Ray in
ED

No

Yes

0.6%
Admitted

X-Ray in
ED

N=40,486

Yes

Lab Work
in ED

X-Ray in
ED

N=45,355

No

Yes

39.7%
Admitted

74.1%
Admitted

21.6%
Admitted

N=3,168

N=19,162

N=12,629

admission is 1.4 times greater for patients with
ESI scores of 1 or 2 versus scores of 3; 2.1 times
greater for patients with ESI scores of 3 versus
scores of 4 or 5; and 3.0 times greater for
patients with ESI scores of 1 or 2 versus 4 or 5.
The CTA model was used to construct
the staging table for hospital admission: in
Table 1 a missing entry (dashes) indicates that
the attribute is not included in the attribute
profile (i.e., branch and endpoint of the tree
model); N is the number of patients with the
indicated attribute profile (the denominator in
the corresponding endpoint); pAdmit is the
empirical probability of hospital admission for
the indicated attribute profile; and Odds is pAdmit
expressed as approximate odds of hospital
admission. As seen, the CTA model provides a
134-fold stratification in likelihood of patient
hospital admission.

No

52.9%
Admitted
N=29,749

Yes

5.4%
Admitted

24.9%
Admitted

N=2,610

N=1,469

Table 1: Admission Model Staging Table
Stage ESI Labs X-Ray
N
pAdmit Odds
1
4,5 No
--- 45,355 0.0055 1:170
2

4,5 Yes

No

2,610

0.054

1:17

3

3

No

---

40,486

0.057

1:17

4

1,2 No

---

5,782

0.13

2:13

5

3

Yes

No

12,629

0.22

2:7

6

4,5

Yes

Yes

1,469

0.25

1:3

7

1,2

Yes

No

3,168

0.40

2:3

8

3

Yes

Yes

29,749

0.53

8:7

9 1,2 Yes Yes 19,162 0.74
3:1
--------------------------------------------------------------
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For the three ESI strata identified by the
CTA model the absolute magnitude of the
difference between patients with no lab work,
versus patients with lab and radiological work
completed in the ED, is greater for lower ESI
scores. For ESI scores of 1 and 2 the absolute
difference is 74.1%-13.3% or 60.8%. For scores
of 3 the absolute difference is 47.2%, and for
scores of 4 or 5 absolute difference is 24.3%.
In contrast, the relative magnitude of the
difference between patients with no lab work,
versus patients with lab and radiological work
completed in the ED, is greater for higher ESI
scores. For ESI scores of 1 and 2 the relative
difference is 74.1%/13.3% or 5.6. For ESI
scores of 3 the relative difference is 9.3, and for
scores of 4 or 5 the relative difference is 41.5.

The study was designed and data collected by
our friend and colleague, Dr. David R. Eitel
(deceased), an emergency medicine physician
with a background in OR/MS—a strong
proponent of optimal methodologies. One of the
developers of the ESI, he was excited about this
project. This research report represents only a
portion of the Results section of the article that
Dr. Eitel would have produced, but in his
absence, we decided that we should deliver what
we can. Dave will be missed, as our colleague,
and as our friend.
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Hierarchically Optimal Classification
Tree Analysis of Adverse Drug Reactions
Secondary to Warfarin Therapy
Robert C. Soltysik, M.S. and Paul R. Yarnold, Ph.D.
Optimal Data Analysis, LLC

Identification and detection of adverse drug reactions (ADRs) is
critical to patient safety improvement, and warfarin is a medication
known to be associated with a high rate of ADRs. Hierarchically
optimal CTA was used to predict ADRs attributable to medications
taken in addition to warfarin, for a sample of 2,289 hospital inpatients. A model involving five medications was identified, with
relatively high ADR rates identified for patients, already on warfarin,
who also received zolpidem tartrate, tamsulosin HCL, famotidine,
nitroglycerin, and rofecoxib. The CTA model achieved moderate
classification accuracy (ESS=38.0), correctly classifying 1,323 of
2,246 patients (58.9%) without an ADR, and 34 of 43 patients
(79.1%) experiencing an ADR.

Data were collected from June 2000 through
November 2001 at a private teaching hospital in
downtown Chicago. Information on ADRs was
collected by Pharmacy as part of the in-house
ADR program which involves examination of
caregiver reports, surveillance, and medical
record reviews.
CTA1,2 was used to predict ADR using
only binary indicators of additional medications
taken concurrently to warfarin. The CTA model
enumerated more than one billion systems of
linear inequalities, requiring ten CPU-hours to
solve using a 650 MHz Pentium-4 microcomputer. Summarized in Table 1, the model
identified five medications associated with a
relatively high, statistically reliable ADR rate.
The roster begins with the root attribute and

works down the tree—which consisted of a
single branch emanating from zolpidem tartrate.
Table 1: Medications identified by CTA which
are associated with significant ADRs when
taken concurrently with Warfarin
Medication

Ratio

%

p<

ESS

Zolpidem Tartrate
Tamsulosin HCL

12/304

3.95

0.01

14.9

5/72
10/409
4/106
3/66

6.94 0.004 12.7
2.44 0.05
17.3
3.77 0.022 18.2
4.55 0.016 20.4

Famotidine
Nitroglycerin
Rofecoxib

--------------------------------------------------------------Note: Ratio = number of ADRs / number of patients
with indicated medication.
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Using only information about the
medications administered after the patient was
admitted to the hospital, the CTA model reveals
that nearly 80% of the ADRs involving warfarin
occurred in approximately 40% of the patients,
those receiving one (or more) of five additional
medications.

Yarnold PR (2013). Initial use of hierarchically
optimal classification tree analysis in medical
research. Optimal Data Analysis, 2, 7-18.
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Type A Behavior and Savoring Among
College Undergraduates:
Enjoy Achievements Now—Not Later
Fred B. Bryant, Ph.D. and Paul R. Yarnold, Ph.D.
Loyola University of Chicago
Department of Psychology

Optimal Data Analysis, LLC

Recent research tested the a priori hypothesis that Type A Behavior
(TAB) undermines enjoyment of leisure time, and that this effect is
mediated by savoring responses which hamper enjoyment.1 Findings
suggested that the hypothesized A-B differences in savoring reflect
differences in perfectionism rather than in time urgency. The present
study uses the same sample to compare 117 extreme Type A and 131
extreme B undergraduates on ten dimensions of savoring assessed for
a performance-related stimulus. Findings revealed Type As focus on
how proud they are and impressed others are, but are only moderately
to weakly involved in actively storing positive memories for later
recall, or in reminiscing about prior positive events.

Classification of subjects1 into extreme
A/B categories was made based on normative
recommendations.2 Subjects completed the
Ways of Savoring Checklist (WOSC), a 60-item
survey assessing types of savoring responses
and strategies, and providing scores on ten
dimensions of savoring3 (see Table 1). The
WOSC was completed twice: once using one’s
most recent vacation as the target stimulus, and
again using one’s most recent grade on a test as
the target stimulus.3 There was no relationship
between A/B Type and gender (p<0.63, ESS=
2.9). Findings for the vacation enjoyment
(leisure-related) stimulus all had p>0.08 and
ESS<14.6, and thus are not presented.
Table 1 summarizes univariate findings
for the ten dimensions of savoring for the test

grade (performance-related) stimulus.4 As seen,
only a relatively weak effect of self-congratulation was statistically reliable: extreme Type A
undergraduates are more likely to score at
higher levels on this dimension (the cut-point
value of 4.79 corresponds to the 62nd percentile
in the sample) when compared to extreme Type
B undergraduates.
Figure 1 presents the hierarchically
optimal classification tree analysis (CTA) model
obtained using the ten savoring dimensions as
potential attributes to predict A/B status.5 Note
that although the effect for memory-building
wasn’t statistically reliable in total-sample
analysis, memory-building was statistically
reliable for the sub-partition of undergraduates
scoring at higher levels on self-congratulation.
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Table 1: Univariate relationships between Type A Behavior and savoring (test grade stimulus)
UniODA
Cut-Point

N

Percent of
Type A’s

Sharing with Others

< 3.92
> 3.92

127
113

Memory Building

< 2.64
> 2.64

Self-Congratulation

Savoring Dimension

p<

ESS

40.2
54.0

0.12

13.8

148
93

40.5
55.9

0.09

14.6*

< 4.79
> 4.79

148
92

37.8
60.9

0.003 21.9*

Temporal Awareness

< 3.64
> 3.64

154
88

42.2
53.4

0.37

10.4

Behavioral Expression

< 1.38
> 1.38

69
175

37.7
50.3

0.36

10.3*

Sensory-Perceptual Sharpening

< 1.62
> 1.62

27
207

53.1
45.1

0.90

5.6

Absorption

< 2.25
> 2.25

99
141

37.4
51.8

0.12

14.1

Comparing

< 3.70
> 3.70

166
76

42.2
56.6

0.19

12.5*

Counting Blessings

< 3.50
> 3.50

93
152

37.7
53.3

0.07

14.8*

Kill-Joy Thinking

< 2.79
160
43.8
0.66
7.8*
> 2.79
82
52.4
---------------------------------------------------------------------------------------------------Note: Total N varies due to missing values. Effect strength for sensitivity, or ESS,
is a normed index of classification accuracy on which 0=the level of classification
accuracy which is expected by chance, and 100=perfect, errorless classification:
values <25 indicate a relatively weak effect.4 An asterisk indicates that the model
performance was stable in “leave-one-out” jackknife analysis, suggesting that the
findings are expected to cross-generalize to an independent random sample of
extreme Type As and B undergraduates.4
Type As are modestly less likely (2:3 odds) than
are Type Bs to score at higher levels, and Type
As are substantially more likely (7:3 odds) to
score at lower levels on the memory-building
dimension of savoring versus Type Bs (the CTA
cut-point reflects the 82nd percentile on this
dimension for the sample).

As seen, Type A undergraduates are
modestly less likely (2:3 odds) than Type Bs to
score at lower levels on the self-congratulation
dimension of savoring (the CTA cut-point
reflects the 62nd percentile on this dimension for
the sample). And, among those undergraduates
scoring at higher levels on self-congratulation,
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Considered as a whole this model
reveals that extreme Type As are most likely to
score in the highest quintile on self-congratulation, and in the lowest three quintiles on
memory-building. Extreme Type A undergraduates focus strongly on how proud they are
and how impressed others must be, but they are
moderately or less involved in actively storing
positive memories for later recall, or in
reminiscing about prior positive events.1

The current findings are consistent with
earlier research on Type A behavior and
reminiscence which found Type As less likely
than Type Bs to store details of positive events
for later recall.6 Type As' tendency to avoid
building memories of personal achievements
may stem from their impatience to move on to
new opportunities, or from their reluctance to
spend time encoding memories at the expense of
striving toward future accomplishments.6

Figure 1: CTA Model Discriminating Type As
Versus Type Bs on Ten Savoring Dimensions:
Test Grade Stimulus
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The model correctly classified 86.7%
of the Type Bs, and 37.5% of the Type As.
The model was correct 61.3% of the time it
was predicted that an observation was Type B,
and 71.2% of the time that it was predicted that
an observation was Type A. Overall the CTA
model achieved ESS=24.2, a borderline
moderate effect.4
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“Predicting In-Hospital Mortality of
Patients with AIDS-Related Pneumocystis
carinii Pneumonia: An Example of
Hierarchically Optimal Classification
Tree Analysis” (Yarnold et al., Statistics
in Medicine, 1997, 16, 1451-1463):
Corrected Illustration of CTA Model
Paul R. Yarnold, Ph.D.
Optimal Data Analysis, LLC

The lead note in the Errata section of Optimal Data Analysis presents
the corrected illustration of the first CTA model published in the field
of medicine, two decades ago.

In the initial print version of this article1 the
right-most model endpoint was incorrectly
labeled as “alive”. Subsequent to the initial
publication, the correct initial CTA model was
used to illustrate and assess the effect of pruning
to maximize ESS2, and was also used to
compare CTA models which were manually
derived using UniODA software versus CTA
models derived using current state-of-the-art
automated software.3,4

However, because this article remains
actively cited and requested presently, it is
appropriate to correct the initial errant Figure 1
“in print”. Because the article appeared so long
ago, the error is corrected here in the ODA
eJournal—which does not have constraints on
the total number pages, rather than in the
original page-constrained print journal. The
corrected Figure 1 with the right-most endpoint
labeled as “DEAD” is presented below.
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Figure 1 (Corrected): Schematic Illustration of Full-Sample CTA Tree Model for Predicting Mortality1
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“A Statistical Guide for the Ethically
Perplexed” (Chapter 4, Panter & Sterba,
Handbook of Ethics in Quantitative
Methodology, Routledge, 2011):
Clarifying Disorientation Regarding the
Etiology and Meaning of the Term
Optimal as Used in the Optimal Data
Analysis (ODA) Paradigm
Paul R. Yarnold, Ph.D.
Optimal Data Analysis, LLC

The authors of Chapter 4 complain that use of the word “optimal” in
the name Optimal Data Analysis (ODA) is unethical because it
implies that alternative data analysis methods are less than optimal.
The present Errata note addresses this misunderstanding.

Derived from the field of operations research,
every statistical model developed in the ODA
paradigm explicitly maximizes classification
accuracy for the training sample.1-4 Accuracy is
the objective function which is maximized by
ODA models, rather than, for example, variance
or likelihood.5,6 Thus, “optimal” means that a
model achieves its theoretically maximum
possible level of accuracy. This is traditional
nomenclature (“jargon”) in operations research.
What is meant by accuracy? Imagine a
training sample with observations from class 0
or class 1. The statistical model classifies each

observation in the sample into one of these two
class categories. If the classified category and
the actual category for an observation are the
same, then a point is scored. If the classified
category and actual category are different, then
no point is scored. For every sample the ODA
model explicitly maximizes the number of
points obtained. Observations may also be
weighted, and the optimal—that is, most
accurate—weighted solution is identified.
For every unique sample, variable
geometry, and weighting scheme there exists an
optimal solution. The optimal solution is the
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most accurate solution that is theoretically
possible to obtain for the sample. If any
statistical model explicitly obtains the most
accurate possible solution (optimal solution) for
a given problem, then the model is said to be an
optimal model. If a methodology explicitly
obtains the theoretically most accurate possible
solution, then the methodology is said to be
optimal—by definition. It is the meaning of the
word in this context. All methods which fail to
explicitly prove optimality (maximum accuracy)
are called suboptimal, by definition.
To be explicitly optimal, a method must
be specifically formulated to find the most
accurate solution. Finding an optimal model is
an operations research problem requiring
methods such as mathematical programming,
linear algebra, integer programming, and so
forth.7 Every sample is a separate, unique
optimization problem. For every statistical
application the name of the most accurate
possible model is the optimal solution, and
there's only one way to explicitly achieve the
optimal solution—operations research methods,
including specifically-engineered software such
as UniODA1 and CTA2.
Remarkably it happens that it is possible
to drape operations research methodologies in
an exact statistical paradigm. The name of that
paradigm is optimal data analysis.1,2
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Type A Behavior, Pessimism and
Optimism Among College
Undergraduates
Fred B. Bryant, Ph.D. and Paul R. Yarnold, Ph.D.
Loyola University of Chicago
Department of Psychology

Optimal Data Analysis, LLC

This study used scores on measures of dispositional optimism and
pessimism to discriminate 117 extreme Type A versus 131 extreme
Type B college undergraduates. Consistent with a priori hypotheses
the analysis revealed that Type As were significantly less pessimistic,
and significantly more optimistic, than Type Bs.

Previous theorists and researchers have explored
the antecedents and consequences of Type A
behavior (TAB), which is characterized by a
pervasive achievement orientation, hard-driving
competitiveness, speed-impatience, and hostility
in response to threat to personal control over
salient outcomes; and they have contrasted it
with its counterpart Type B behavior, which is
characterized by a relaxed, easy-going orientation and lower levels of competitiveness, impatience, and hostility.1,2 Supporting the notion
that TAB is adaptive at younger ages, researchers have found that Type As set higher selfstandards for performance3, achieve greater success in school4 and attain higher occupational
status.5,6 In addition, young Type As, relative
to young Type Bs, report higher levels of happiness, life satisfaction, value fulfillment, and
self-confidence.7,8 These greater levels of
subjective adjustment among Type As suggest
that they would report higher dispositional
optimism and lower dispositional pessimism,
relative to Type Bs.

Prior research investigating measures of
TAB, pessimism and optimism used multiple
regression analysis to examine the interaction
between different facets of TAB—such as task
focus, speed/impatience, and aggression—and
optimism/pessimism on coping behavior, quality of work performance, and psychological
well-being.9-12 However, the classification
agreement between different questionnaire
measures of TAB13 and the gold-standard
measure of TAB—the Structured Interview14,
increases when increasingly extreme questionnaire scores are used.15-17 Accordingly, the
present study compared scores on optimism and
pessimism—assessed using the same measures
as prior research, between groups of extreme
Type As and Type Bs.
The sample was drawn from a large pool
of college undergraduates completing a questionnaire battery.18,19 TAB was assessed via the
short form of the Jenkins Activity Survey for
Students.20-25 In order to maximize the reliability
of assignments into A/B categories, normative
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guidelines26 were followed to obtain an analysis
sample consisting of 131 extreme Type B and
117 extreme Type A undergraduates. Scores on
measures of dispositional pessimism and optimism were obtained via the Life Orientation
Test.27,28 Table 1 presents descriptive statistics
for the latter subscales separately by A/B Type.

had significantly lower pessimism scores
compared to the Type Bs. The model correctly
classified 75% of the Type Bs, and 44% of the
Type As. The model was correct 60% of the
time a prediction of Type B was made, and 61%
of the time a prediction of Type A was made.
Multivariate Analysis. Automated classification tree analysis36,37 (CTA) was conducted
to discriminate A/B Types using pessimism and
optimism subscale scores as attributes (gender
was included as a potential attribute). Only the
same pessimism effect which was identified in
univariate analysis emerged: no multivariable
model was possible for these data.
Confirming a priori hypotheses, Type
Bs had marginally lower optimism scores and
significantly higher pessimism scores than Type
As. Type Bs' greater pessimism represents a
generalized tendency to expect the worst and
not to count on good things happening. This
negative future orientation may not only
undermine Type Bs' motivation to persist in the
face of failure, but may also make them less
likely to tackle difficult challenges in the first
place. Higher dispositional pessimism may also
reinforce lower levels of self-confidence and
weaken future morale, further compromising the
subjective well-being of Type Bs.

Table 1: Descriptive Statistics for Pessimism
and Optimism Subscales, by A/B Type
Subscale
Pessimism

A/B
Type

Mean

SD

Median

B
A

6.7
5.9

2.94
3.53

6
5

Optimism

B
9.2
2.82
9
A
9.8
3.07
10
----------------------------------------------------------Note: NType A=117, NType B=131. SD=standard
deviation.

Univariate Analysis. UniODA statistical
analysis29-31 was conducted using MegaODA
software32-34 to assess independent associations
between subscales and A/B Type.35
For optimism a statistically significant,
ecologically weak29 effect emerged (p<0.05,
ESS=13.3), which was stable in jackknife
validity analysis (p<0.03). The UniODA model
was: if optimism<10.5 (61st percentile in the
sample), then predict Type B; otherwise predict
Type A. This model reveals that the Type Bs
had significantly lower optimism scores when
compared to the Type As. The model correctly
classified 67% of the Type Bs, and 46% of the
Type As. The model was correct 58% of the
time a prediction of Type B was made, and 56%
of the time a prediction of Type A was made.
For pessimism a statistically significant,
ecologically weak effect emerged (p<0.005,
ESS=18.4), which was stable in jackknife
validity analysis (p<0.002). The UniODA model
was: if pessimism<4.5 (34th percentile in the
sample), then predict Type A; otherwise predict
Type B. This model reveals that the Type As
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Finding Joy in the Past, Present, and
Future: The Relationship Between
Type A Behavior and Savoring Beliefs
Among College Undergraduates
Fred B. Bryant, Ph.D. and Paul R. Yarnold, Ph.D.
Loyola University of Chicago
Department of Psychology

Optimal Data Analysis, LLC

Prior research investigating savoring behaviors and Type A behavior
(TAB) found that extreme Type A undergraduates are most likely to
score in the highest quintile on self-congratulation, and in the lowest
three quintiles on memory-building. This study used scores on past-,
present-, and future-focused savoring beliefs to discriminate 117
extreme Type A versus 131 extreme Type B college undergraduates.
Univariate statistical analysis conducted via UniODA revealed that
compared to extreme Type Bs, extreme Type As had significantly
greater reminiscence (past focus) and anticipation (future focus)
scores, and also had marginally greater savor the moment (present
focus) scores. Multivariate analysis via CTA identified a singleattribute model involving a three-branch parse: extreme Type Bs are
substantially more likely than extreme Type As to score at lowest
levels on anticipation; extreme As and Bs are comparably likely to
score at moderate levels on anticipation; and extreme Type As are
modestly more likely than extreme Type Bs to score at the highest
levels on anticipation.

Much work has investigated the consequences
TAB, characterized by a strong achievement
orientation, hard-driving competitiveness,
speed-impatience, and hostility in response to
threat to personal control over salient outcomes,
in relation to Type B behavior, characterized by
a relaxed, easy-going orientation and lower
levels of competitiveness, impatience, and
hostility.1,2 Exploring differences in the charac-

teristic styles though which Type As and Bs
savor positive outcomes, research has shown
that Type As are less likely than Type Bs to
look back on positive events afterwards in order
to store memories for later recall—a pastfocused savoring response that might undermine
the ability to savor positive outcomes retrospectively.3 More recent research has, on the one
hand, identified cognitive and behavioral
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response among Type As that dampen Type As’
enjoyment of ongoing positive events—in particular, less counting of blessings, less memory
building, and more “kill joy” fault-finding.4,5
On the other hand, research has also found that
Type As, relative to Type Bs, report higher
levels of self-congratulation (i.e., telling oneself
how proud one is and how impressed others are)
in response to achievement-related outcomes—a
present-focused savoring strategy that amplifies
enjoyment.5 Concerning future-focused savoring, one might expect Type As’ greater achievement orientation, relative to Type Bs, to be
associated with a greater capacity to derive
pleasure though the anticipation of goal
attainment.
Accordingly, the present study compared
Type As’ and Bs’ generalized beliefs about their
capacity to enjoy positive outcomes through
reminiscence, savoring the moment, and anticipation. We tested the a priori hypotheses that,
compared to Type Bs, Type As perceive themselves as being less able to savor through reminiscence due to their reluctance look back to
store memories, and more able to savor through
anticipation due to their greater goal orientation.
An exploratory analysis addresses differences
between As and Bs on savoring the moment,
because there is no compelling reason to
hypothesize that As and Bs will differ in any
systematic manner on this measure.

subscales assessing perceived capacity to savor
positive outcomes through reminiscing,
enjoying the moment, and anticipating, and
scores on the SBI have been shown to have
good internal consistency and test-retest
reliability, as well as strong convergent,
discriminant, and predictive validity, among
both younger and older adults.16,17
Results
Table 1 presents descriptive statistics for
the three savoring belief subscales separately by
A/B Type. For expository purposes, and to
provide data for future meta-analysis, means on
the three subscales were compared between A/B
Types using Student’s t-test. No statistically
reliable effect emerged for scores on reminiscence [t(244)=1.2, p<0.25], savor the moment
[t(246)=0.7, p<0.49], or anticipation [t(246)=
1.2, p<0.23] subscales.
Table 1: Descriptive Statistics for Savoring
Belief Subscales, by A/B Type
Savoring
Belief
Subscale

Methods

A/B
Type Mean

SD

Median

Reminiscence
(Past Focus)

B
A

5.8
5.9

0.80
0.89

5.8
6.1

Savor the Moment
(Present Focus)

B
A

5.4
5.5

0.93
1.10

5.5
5.6

Anticipation
B
5.3 0.90
5.4
(Future Focus)
A
5.5 1.09
5.8
--------------------------------------------------------------Note: NType A=117, NType B=131 (there was one
missing value for each A/B Type on Reminiscence).
SD=standard deviation.

The sample was drawn from a large pool
of college undergraduates who completed a
battery of questionnaires.5 TAB was assessed
using the short form of the Jenkins Activity
Survey for Students.6-11 In order to maximize the
reliability of assignments into A/B categories,
normative guidelines were followed to obtain an
analysis sample consisting of 131 extreme Type
B and 117 extreme Type A college undergraduates.12-15 Savoring belief subscales were
assessed using the Savoring Beliefs Inventory
(SBI).16 The 24-item SBI provides separate

Univariate Analyses. UniODA statistical
analysis18-20 was performed using MegaODA
software21-23 to investigate the independent
associations between savoring belief subscales
and A/B Type. For reminiscence a statistically
reliable, ecologically weak effect emerged
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(p<0.04, ESS=16.6), which was stable in
jackknife validity analysis (p<0.007).18 The
UniODA model was: if reminiscence<5.93 (53rd
percentile in the sample), then predict Type B;
otherwise predict Type A. This model reveals
that Type As had significantly higher reminiscence scores than Type Bs. The model correctly
classified 56% of the Type Bs, and 61% of the
Type As. The model was correct 62% of the
time a prediction of Type B was made, and 55%
of the time a prediction of Type A was made.
For savor the moment a statistically
marginal, ecologically weak effect emerged
(p<0.08, ESS=14.7), which was stable in
jackknife validity analysis (p<0.005). The
UniODA model was: if savor the moment<6.19
(77th percentile in the sample), then predict
Type B; otherwise predict Type A. This model
reveals that the Type As had marginally higher
savor the moment scores compared to the Type
Bs. The model correctly classified 84% of the
Type Bs, and 31% of the Type As. The model
was correct 58% of the time that a prediction of
Type B was made, and 63% of the time that a
prediction of Type A was made.
Finally, for anticipation a statistically
reliable, ecologically weak effect emerged
(p<0.003, ESS=20.2), which was stable in
jackknife validity analysis (p<0.002). The
UniODA model was: if anticipation<5.69 (58th
percentile in the sample), then predict Type B;
otherwise predict Type A. This model reveals
that the Type As had significantly higher
anticipation scores compared to the Type Bs.
The model correctly classified 67% of the Type
Bs, and 53% of the Type As. The model was
correct 62% of the time that a prediction of
Type B was made, and 59% of the time that a
prediction of Type A was made.
Multivariate Analysis. Figure 1 illustrates the enumerated hierarchically optimal
classification tree analysis (CTA) model24,25
obtained using automated software26 to discriminate A/B Type treating the reminiscence,

savor the moment, and the anticipation subscale
scores, as well as gender, as potential attributes.
Figure 1: CTA Model Discriminating A/B Type
Using Three Savoring Belief Dimensions

Anticipation
(Future Focus)

p<0.01

< 4.9

p<0.004

< 5.7

> 5.7

73%
Type Bs

51%
Type As

59%
Type As

N=69

N=74

N=105

As seen, only the anticipation subscale
emerged as a statistically significant attribute in
the model, for which a three-endpoint parse was
identified.18 In the CTA model, extreme Type B
undergraduates are substantially more likely (3:1
odds) than extreme Type As to score at lowest
levels on the anticipation dimension of savoring
beliefs: the cut-point 4.9 represents the 28nd
percentile on this dimension for the sample.
And, while A/B Types are comparably likely to
score at intermediate levels on anticipation (1:1
odds), Type As are modestly more likely (3:2
odds) to score at highest levels on anticipation:
the cut-point 5.7 represents the 58th percentile
on this dimension for the sample.
Taken in sum the CTA model reveals
Type Bs are substantially more likely to score in
the lowest 30% of the scores on anticipation,
while Type As are modestly more likely to score
in the highest 60% of the scores. The ESS of
24.1 achieved by the model was at the boundary
between relatively weak versus moderate effect
strength.18 The model correctly classified 41%
of Type As, and 83% of Type Bs in the sample.
The model was correct 73% of the time it pre-
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dicted an observation was Type B, and 56% of
the time it predicted an observation was Type A.

in testing research hypotheses. The UniODA
(univariate ODA) model reflects the cut-score
on anticipation that produces the highest
possible accuracy in classifying As and Bs when
selecting a single cut-point to predict TAB on
the basis of anticipation. The multivariate CTA
model, in contrast, represents the combination
of reminiscence, savoring the moment, and
anticipation subscale scores that produces the
highest possible accuracy in classifying As and
Bs. The three-endpoint parse that emerged in the
CTA model reveals that the hypothesized A-B
difference in the capacity to anticipate exists at
the lower and upper range of the Anticipation
subscale, but not in the middle range of the
subscale. Whereas more Bs than As fall in the
lower range and more As than Bs fall in the
upper range, As and Bs are equally distributed
in the mid-range of the subscale. Thus, the
multivariate CTA model not only confirms the a
priori hypothesis, but also pinpoints the specific
levels of anticipation at which the predicted A-B
differences emerge. Clearly, researchers would
be wise to examine the possibility of nonlinear
effects in testing bivariate relationships, in order
to avoid missing important and informative
research conclusions. CTA18 is the only
statistical methodology available which is
capable of identifying explicitly optimal27
parsed models such as the model which was
obtained presently.

Discussion
Results reveal an interesting pattern of
differences between Type As and Type Bs in
terms of their perceived ability to savor positive
experiences retrospectively, concurrently, and
prospectively. Concerning past-focused
savoring, Type As reported a greater capacity
than Type Bs to derive enjoyment by
reminiscing about positive memories, contrary
to the a priori hypothesis. Concerning presentfocused savoring, there was only a marginally
significant A-B difference in the perceived
capacity to savor the moment. Concerning
future-focused savoring, the univariate analysis
revealed that Type As perceived higher capacity
to derive enjoyment through anticipation
relative to Type Bs, and the multivariate
analysis revealed specific thresholds of
anticipation subscale scores that reliably
discriminated As and Bs. In particular,
significantly more Type Bs and fewer Type As
scored below the 28th percentile on anticipation,
and significantly more Type As and fewer Type
Bs score above the 58th percentile on
anticipation; whereas As and Bs were equally
likely to fall between the 28th and 58th percentile
on anticipation. Thus, while the univariate
analysis is consistent with the a priori hypothesis, the multivariate analysis provides strong
evidence to support the a priori hypothesis. In
sum, Type As, relative to Type Bs, believe they
are more capable of enjoying positive memories
through reminiscence and marginally more
capable of enjoying positive moments; and are
less likely to report a lower capacity (< 28th
percentile) and more likely to report a higher
capacity (> 58th percentile) to derive joy through
anticipation.
The difference between the results of the
univariate and multivariate analyses of
anticipation for As and Bs highlights the
potential benefit of considering nonlinear effects
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How to Assess Inter-Observer Reliability
of Ratings Made on Ordinal Scales:
Evaluating and Comparing the
Emergency Severity Index (Version 3)
and Canadian Triage Acuity Scale
Paul R. Yarnold, Ph.D.
Optimal Data Analysis, LLC

An exact, optimal (“maximum-accuracy”) psychometric methodology
for assessing inter-observer reliability for measures involving ordinal
ratings is used to evaluate and compare two emergency medicine
triage algorithms—both of which classify patients into one of five
ordinal categories. Ten raters independently evaluated the identical set
of 200 patients, five with each algorithm. Analysis revealed moderate
levels of inter-observer reliability, indicating that prior estimates of
almost perfect inter-observer reliability obtained for the present data
using suboptimal statistical methods are untenable.

Ordinal ratings are ubiquitous in modern
society, including—appropriately so—within
the scientific literature. Examples of wellknown ordinal ratings are Homeland Security
alert status, report-card grade, and disease stage.
In general, data for all phenomena measured on
categorical ordinal, or on Likert-type scales
constitute ordinal ratings.1-3
In spite of their omnipresence, ordinal
data are difficult to analyze appropriately vis-àvis conventional statistical means. Parametric
methods such as Student’s t-test and analysis
of variance, or Pearson correlation and multiple
regression analysis, were developed for use with
interval data, and sample data are assumed to be

distributed in a specific manner as well as to
fulfill other requirements.4-7 It thus isn’t entirely
surprising that a relatively common error is to
treat ordinal data as though they are assessed on
a categorical scale, and employ chi-square or
logistic regression in statistical analysis of the
data.8-10 A conceptually related error involves
arbitrarily parsing an ordinal scale into a set of
“categorical” partitions (eyeball strata) in order
to facilitate nominal statistical analysis: such
arbitrary parsing can mask effects present in the
unaltered raw data.11-13 Finally, another nominal
statistic, kappa, is used in the analysis of ordinal
data, sometimes involving arbitrarily and nonnormed weighting schemes.14-17
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The conundrum of what method to use
in statistical analysis of ordinal data has recently
come into focus in emergency medicine. The
issue is how to assess inter-observer (or interrater) reliability of ratings produced by two or
more independent nurses, both of whom are
using an algorithm to assign triage scores
(which may assume one of five possible ordinal
values) to patients arriving at the emergency
department (ED). Kappa18 and quadraticallyweighted kappa19 estimated the inter-observer
reliability of these triage scores to be nearly
perfect (kappa and intraclass correlation20 were
0.89 or greater). Of course, these findings have
been criticized on the basis of well-known
problems underlying these methodologies.21,22
In contrast to intractably problematic
suboptimal methods, UniODA is ideally-suited
to conduct exact, optimal (maximum-accuracy)
statistical analysis for data involving measurements made using ordinal scales.1,2,8-10 The use
of UniODA to assess inter-observer, test-retest
and parallel-forms reliability, and in structural
decomposition (which is analogous to principal
components analysis except that accuracy is
explicitly maximized, instead of variance23) of
ordinal reliability data, is well-documented.1,15,16
In the present application UniODA is used to
test the a priori (directional) hypothesis that
triage codes (integers ranging from 1 to 5),
which were assigned to a sample of patients by
two independent nurses, are consistent. This a
priori hypothesis is defined in UniODA (by the
directional command1) as shown in Figure 1.

As illustrated, if Rater-A assigns a triage
code of 1 to an ED patient, the UniODA model
predicts Rater-B likewise assigns a triage code
of 1 to the patient; if Rater-A assigns a triage
code of 2 to a patient, the model predicts RaterB likewise assigns a triage code of 2 to the
patient; and so forth.
Methods
Data in the present study were analyzed
previously using quadratically-weighted kappa19
and are reanalyzed here24 using UniODA1 run
on MegaODA software.25-27
Described19 in the original analysis, ten
triage nurses, all previously trained in use of the
5-point Canadian Emergency Department Triage
and Acuity Scale (CTAS) were randomized into
one of two conditions. Five nurses (Rater-1
through Rater-5) were trained in use of the 5point Emergency Severity Index (ESI) Version 3
triage algorithm. The other five nurses (Rater-6
through Rater-10) were instead given refresher
training in the CTAS triage algorithm. All training sessions required three hours. Each nurse
independently assigned triage scores using
either the ESI or the CTAS to each of “…200
case scenarios abstracted from prospectively
collected, local ED cases” (p. 242).
Evaluating the Inter-Observer Reliability of
Scores on the ESI
First, separately for each unique rater
pairing, UniODA was used to evaluate the
a priori hypothesis that the triage codes of the
raters agree (Figure 1). The a priori UniODA
model was consistent with the data of four of
the total of ten unique rater pairings.
Strongest inter-observer reliability was
obtained for the (Rater-1, Rater-2) pairing, for
which overall agreement was 61.5%, and the
a priori UniODA model achieved ESS=59.9
(p<0.0001), indicating relatively strong interobserver agreement.28 Consistent performance
was obtained in jackknife validity analysis, so

Figure 1: Illustration of UniODA a priori
Hypothesis that Triage Codes for a
Pair of Nurse Raters Agree
Rater-A
1
2
3
4
5

Rater-B
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these results are expected to cross-generalize to
an independent random sample of ED patients.1
Second-strongest inter-observer reliability was obtained for the (Rater-1, Rater-3)
pairing: overall agreement was 61.5%, and the
a priori model achieved ESS=47.9 (p<0.0001),
indicating moderate inter-observer agreement.
In jackknife analysis overall agreement dropped
to 61.0%, and ESS fell to 35.4: thus, diminished
inter-observer reliability is expected if this pair
assesses an independent random patient sample.
Third-strongest inter-observer reliability
occurred for the (Rater-2, Rater-3) pairing for
which overall agreement=59.5%, and the a
priori model achieved ESS=45.3 (p<0.0001),
reflecting moderate inter-observer agreement.
Overall agreement dropped to 59.0%, and ESS
fell to 37.0 in jackknife analysis.
Weakest inter-observer reliability was
obtained for the (Rater-2, Rater-4) pairing, for
which overall agreement was 57.8%, and the
a priori model achieved ESS=39.4 (p<0.0001),
indicating moderate inter-observer agreement.
Overall agreement fell to 57.3%, and ESS fell to
31.1 in jackknife analysis.
For all six remaining parings the a priori
model was untenable—no UniODA model was
possible for the a priori hypothesis given the
actual data. Thus, for these remaining pairings
the a priori hypothesis was dropped, and an
exploratory UniODA analysis was conducted.1
For two pairings the same exploratory
UniODA model was identified, which involved
all five possible triage codes (Figure 2). For the
(Rater-1, Rater-4) pairing, overall agreement=
38.7%, ESS=36.6 (moderate inter-observer
reliability; p<0.0001; stable in jackknife
analysis). For the (Rater-3, Rater-4) pairing,
overall agreement=38.2%, ESS=33.9 (moderate
inter-observer reliability; p<0.0005; too few
patients were rated as 1’s to conduct jackknife
analysis). As illustrated, if Rater-4 assigns a
triage code of 1 to an ED patient, the UniODA
model predicts Rater-1 and Rater-3 assign a
triage code of 2 to the patient; if Rater-4 assigns

a triage code of 2 to a patient, then the model
predicts Rater-1 and Rater-3 assign a triage code
of 1 to the patient; and so forth.
Figure 2: Exploratory UniODA Model for the
(Rater-1, Rater-4) and (Rater-3, Rater-4)
Pairings
Rater-1,
Rater-3

Rater-4
1
2
3
4
5







2
1
3
4
5

This is a classic example of one of four
general types of reliable nonlinear patterns that
may underlie reliability data, which have been
described1 (specifically, Type A; pp. 137-138).
ESI ratings by these two pairs demonstrate local
regression at lower levels of the scale (across
the two most severe triage codes), but are stable
over the remaining range of the scale.
For the remaining four rater pairings—
all of which involve Rater-5, no UniODA model
was possible that included all five triage levels.
Thus, exploratory UniODA was allowed to
forego the use of one or more class categories
(triage codes) in the model. This is known as a
degenerate solution, and it is used to identify an
optimal model in applications involving sparse
or missing class categories.1
The strongest exploratory degenerate
model was obtained for the (Rater-1, Rater-5)
pairing: overall agreement=35.5%, ESS=32.8
(moderate agreement), p<0.0002, stable in
jackknife analysis. Figure 3 illustrates the
UniODA model. The model reveals collapsing
(local compression) for the most serious cases
(triage codes<3) for this pair, but consistent
assignments for triage codes >3. The UniODA
model is degenerate because no predictions of
triage code 2 are made for Rater-1, Rater-3 or
Rater-4 (see Figure 3).
44

Optimal Data Analysis
Vol. 3 (April 13, 2014), 42-49

Copyright 2014 by Optimal Data Analysis, LLC
2155-0182/10/$3.00

Figure 3: Exploratory Degenerate UniODA
Model for (Rater-1, Rater-5), (Rater-3, Rater-5),
and (Rater-4, Rater-5) Pairings
Rater-1,
Rater-3,
Rater-4

Rater-5
1,2
3
4
5

And finally, the weakest exploratory
degenerate model was obtained for the (Rater-4,
Rater-5) pairing: overall agreement=29.6%,
ESS=28.6 (moderate agreement), p<0.05 (while
this is statistically significant at the generalized
criterion, it isn’t statistically significant at the
experimentwise criterion1). The UniODA model
is illustrated in Figure 3. Jackknife analysis was
not possible because of sparse data.
Table 1 summarizes the ESS achieved
by the UniODA model for the training analyses
involving the ESI triage ratings.
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4
5

The second-strongest exploratory
degenerate model was obtained for the (Rater-2,
Rater-5) pairing: overall agreement=25.5%,
ESS=32.5 (moderate agreement), p<0.0001.
Overall agreement fell to 22.0%, and ESS fell to
20.8 (relatively weak agreement) in jackknife
analysis. The UniODA model is illustrated in
Figure 4. There is local compression for this
pair for the more serious cases, as well as for the
less serious cases—indicating polarization. This
is a Type D nonlinear reliability model1 with the
middle code uncompressed (p. 137).

Table 1: ESI inter-observer ESS results
Rater-2 Rater-3 Rater-4 Rater-5
Rater-1
59.9
47.9
38.7*
32.8**
Rater-2
45.3
39.4
32.5**
Rater-3
33.9*
29.3**
Rater-4
28.6**
--------------------------------------------------------------Note: Tabled is ESS for training analysis predicting ratings of one rater given ratings of the other rater: ESS=0
is the level of agreement expected by chance; ESS=100
is perfect agreement. Entries marked by an asterisk were
obtained by exploratory model; entries marked by two
asterisks were obtained by exploratory degenerate model.

Figure 4: Exploratory Degenerate UniODA
Model for (Rater-2, Rater-5) Pairing
Rater-5
1,2
3
4,5

These findings clearly demonstrate that
the inter-observer agreement observed for ESI
scores is far from perfect. For only one of the
ten rater pairs was agreement relatively strong,
yielding 59.9% of the gain in agreement that it
is theoretically possible to attain above what is
expected by chance.1 For only four of ten rater
pairings was the a priori UniODA model even
feasible, and the other six models indicated
patterns of consistent disagreement. All but one
of ten models achieved mediocre ESS, and six
models identified reliable inconsistencies such
as compression, omission, and regression.
Results for two models weren’t statistically
significant at the experimentwise criterion.1
It is thus concluded that prior kappa-based and
quadratically-weighted-kappa-based estimates,
which suggested nearly perfect inter-observer
reliability of ESI triage scores, are untenable.

Rater-2




1
3
5

The third-strongest exploratory degenerate model occurred for the (Rater-3, Rater-5)
pairing: overall agreement=34.0%, ESS=29.3
(moderate agreement), p<0.03 (while this is
statistically significant at the generalized
criterion, it isn’t statistically significant at the
experimentwise criterion1). The UniODA model
is illustrated in Figure 3. Jackknife analysis was
not possible as the required minimum of two
observations per class category wasn’t met.1
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overall agreement=49.5%; ESS=34.0
(p<0.0001; moderate agreement). Overall
agreement fell to 49.0%, and ESS fell to 21.5
(relatively weak agreement) in jackknife
analysis.
The seventh-strongest inter-observer
reliability was obtained for the (Rater-6, Rater7) pairing, for which overall agreement was
42.0%, and the a priori UniODA model
achieved ESS=31.1 (p<0.0001), indicating
moderate inter-observer agreement. Consistent
performance was obtained in jackknife analysis.
The eighth-strongest inter-observer
reliability was obtained for the (Rater-9, Rater10) pairing: overall agreement=49.0%; ESS=
29.9 (moderate agreement); p<0.0001. Overall
agreement fell to 48.5%, and ESS fell to 26.8
(moderate agreement) in jackknife analysis.
Ninth-strongest inter-observer reliability
was obtained for the (Rater-6, Rater-8) pairing:
overall agreement=44.7%; ESS=25.4 (nearing
the lower bound of moderate agreement); p<
0.0001. Consistent performance was obtained in
jackknife analysis.
Finally, the weakest a priori model was
obtained for the (Rater-6, Rater-10) pairing:
overall agreement=37.0%; ESS=22.8 (relatively
weak agreement); p<0.0001. Overall agreement
fell to 36.5%, and ESS fell to 17.8 (relatively
weak agreement) in jackknife analysis.
Table 2 summarizes the ESS achieved
by the UniODA model for the training analyses
involving the CTAS triage ratings.

Evaluating the Inter-Observer Reliability of
Scores on the CTAS
As done for ESI triage data, separately
for each unique rater pairing, UniODA was used
to evaluate the a priori hypothesis that CTAS
triage codes of the raters agree (Figure 1). The a
priori UniODA model was consistent with the
data of all ten unique rater pairings.
Strongest inter-observer reliability was
obtained for the (Rater-7, Rater-9) pairing, for
which overall agreement was 52.5%, and the
a priori UniODA model achieved ESS=53.6
(p<0.0001), indicating relatively strong interobserver agreement.28 Consistent performance
was obtained in jackknife analysis.
The second-strongest inter-observer
reliability was obtained for the (Rater-8, Rater10) pairing, for which overall agreement was
48.7%, and the a priori UniODA model
achieved ESS=52.2 (p<0.0001), indicating
relatively strong inter-observer agreement.
Sparse data prevented jackknife analysis.
Third-strongest inter-observer reliability
was obtained for the (Rater-8, Rater-9) pairing,
for which overall agreement was 48.2%, and the
a priori UniODA model achieved ESS=45.9
(p<0.0001), indicating moderate inter-observer
agreement. Sparse data prevented jackknife
analysis.
The fourth-strongest inter-observer
reliability was obtained for the (Rater-6, Rater9) pairing, for which overall agreement was
45.5%, and the a priori UniODA model
achieved ESS=43.5 (p<0.0001), indicating
moderate inter-observer agreement. Consistent
performance was obtained in jackknife analysis.
Fifth-strongest inter-observer reliability
was obtained for the (Rater-7, Rater-8) pairing,
for which overall agreement was 51.3%, and the
a priori UniODA model achieved ESS=40.4
(p<0.0001; moderate agreement). Overall
agreement fell to 50.8%, and ESS fell to 27.9
(moderate agreement) in jackknife analysis.
Sixth-strongest inter-observer reliability
was obtained for the (Rater-7, Rater-10) pairing:

Table 2: CTAS inter-observer ESS results
Rater-7 Rater -8 Rater-9 Rater-10
Rater-6
31.1
25.4
43.5
22.8
Rater-7
40.4
53.6
34.0
Rater-8
48.2
52.2
Rater-9
29.9
--------------------------------------------------------------Note: Tabled is ESS for training analysis predicting ratings of one rater given ratings of the other rater: ESS=0
is the level of agreement expected by chance; ESS=100
is perfect agreement.

46

Optimal Data Analysis
Vol. 3 (April 13, 2014), 42-49

Copyright 2014 by Optimal Data Analysis, LLC
2155-0182/10/$3.00

As was discovered in the analysis of
ESI-based triage codes, findings obtained in the
analysis of CTAS-based triage codes clearly
demonstrate that inter-observer agreement is far
from perfect. Although two of the ten models
identified relatively strong inter-observer
agreement, another model was relatively weak,
and two models failed the experimentwise
criterion for statistical significance. However, in
contrast to the exploratory/degenerate UniODA
models required in analysis of ESI-based triage
ratings, the a priori hypothesis was successfully
tested for all ten CTAS-based rater pairings. It is
concluded that prior kappa-based estimates
indicating almost perfect inter-observer reliability of CTAS triage scores are untenable.

with the a priori hypothesis compared to ESI
inter-observer models.
In Table 1 it is readily apparent that
Rater-4 and in particular Rater-5 are using the
ESI algorithm in a different manner than the
other three raters. As seen in Figures 2-4, the
effect of this difference is focused on the more
serious cases having triage codes of 1 and 2. In
light of the importance29 of these particular
codes in terms of real-time ED operational
throughout and patient well-being, additional
training in the identification and discrimination
of code-1 and code-2 patients may be warranted.
However, it is interesting that although all raters
had prior experience using the CTAS to triage
emergency patients, versus no prior experience
using the ESI, no difference was found in level
of inter-observer agreement (assessed as ESS)
between algorithms. Instead the difference was
manifest in terms of the number of models that
supported the a priori hypothesis. The effect of
insufficient experience using the ESI triage
algorithm was therefore the observed omission,
compression, polarization, and regression
anomalies identified in the ESI ratings, but not
found in the CTAS ratings.

Comparing the Strength and Consistency of
Inter-Observer Reliability of ESI
and CTAS Triage Codes
The ESS values achieved by the interobserver UniODA models were compared
between the ESI (Table 1) and the CTAS (Table
2) using UniODA. Triage algorithm was treated
as a binary class variable, and ESS as an ordered
attribute (no a priori hypothesis was specified).
The model achieved ESS=20.0 (a relatively
weak effect), p>0.99, indicating that the ESS
values of the inter-observer reliability models
didn’t discriminate triage algorithm. Thus, the
inter-observer reliabilities achieved for the ESI
and the CTAS were comparably mediocre.
The number of UniODA models which
were consistent with the a priori hypothesis was
compared between the ESI and the CTAS using
UniODA. Triage algorithm was treated as the
binary class variable, and whether or not the
a priori model fit the triage data for the pair was
treated as the binary attribute (no directional
hypothesis was specified). The model achieved
ESS=60.0 (relatively strong effect), p<0.011
(statistically significant at the generalized
criterion, but not significant at the experimentwise criterion). The CTAS inter-observer
models were thus significantly more consistent
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How to Assess the Inter-Method
(Parallel-Forms) Reliability
of Ratings Made on Ordinal Scales:
Emergency Severity Index (Version 3)
and Canadian Triage Acuity Scale
Paul R. Yarnold, Ph.D.
Optimal Data Analysis, LLC

An exact, optimal (“maximum-accuracy”) psychometric methodology
for assessing inter-method reliability for measures involving ordinal
ratings is used to evaluate and compare two emergency medicine
triage algorithms—both of which classify patients into one of five
ordinal categories. Ten raters independently evaluated the identical set
of 200 patients, five with each algorithm. UniODA revealed moderate
levels of inter-method agreement, which is theoretically consistent
with recent findings of moderate inter-observer reliability for triage
ratings derived using both algorithms.

The question of how best to statistically
assess inter-observer or inter-rater1 reliability
recently arose in an investigation of triage codes
made by two independent nurses utilizing the
identical algorithm, vis-à-vis a scale offering
five ordinal values as measurement options.2
The related issue addressed presently is
how best to statistically assess inter-method or
parallel-forms1 reliability of assessments made
by two nurses using different algorithms to
assign triage scores using scales offering five
ordinal measurement options. Conventional
statistical methodologies are ineffectual for such
ordinal data: nominal methods such as chisquare ignore ordinal information in the data3-5

and parametric methods such as analysis of
variance were developed for use with interval
data, and assume sample data are distributed in
a specific manner and fulfill other assumed
requirements.6,7
In contrast to implacably challenged
suboptimal methods, UniODA is ideally-suited
to conduct exact, optimal (maximum-accuracy)
statistical analysis for data measured on ordinal
scales.8-11 The use of UniODA to assess interobserver, test-retest and parallel-forms reliability, and in structural decomposition of ordinal
reliability data (analogous to principal components analysis except that accuracy, instead of
variance12, is explicitly maximized), is well50
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documented.8,13,14 In the present context
UniODA tests the a priori hypothesis that triage
codes (integers ranging from 1 to 5)—which are
independently assigned to patients by two
nurses using different algorithms—are
consistent. This a priori hypothesis is defined in
UniODA (using the directional command8) as
shown in Figure 1.

theory16: “The two triage scales appear to be in
moderate agreement with one another, as
indicated by an inter-test generalizability of
0.58” (p. 243). These data17 are reanalyzed
presently using UniODA8 run on MegaODA
software.18-20

Figure 1: Illustration of UniODA a priori
Hypothesis that Triage Codes for a
Pair of Nurse Raters Agree

For each unique rater pair involving
different algorithms, UniODA evaluated the a
priori hypothesis that the triage codes agreed
(Figure 1). This model fit the data of 13 of the
25 unique rater pairings (Table 1).

Rater-A
1
2
3
4
5

Results and Discussion

Rater-B






1
2
3
4
5

Table 1: Rater pairings consistent with the
a priori hypothesis

As illustrated, if Rater-A assigns a triage
code of 1 to an ED patient, the UniODA model
predicts Rater-B likewise assigns a triage code
of 1 to the patient; if Rater-A assigns a triage
code of 2 to a patient, the model predicts RaterB likewise assigns a triage code of 2 to the
patient; and so forth.

ESI
Rater

CTAS
Rater

Training
Agreement

ESS

1

1
2
3
4
5

34.5%
49.0%
41.2%
48.5%
48.5%

1
2
3
4
5
1
2
4

2

Methods

3

15

Described in the original analysis, ten
triage nurses, all previously trained in use of the
5-point Canadian Emergency Department Triage
and Acuity Scale (CTAS) were randomized into
one of two conditions. Five nurses were trained
in use of the 5-point Emergency Severity Index
(ESI) Version 3 triage algorithm. The other five
nurses were instead given refresher training in
the CTAS triage algorithm. All training sessions
required three hours. Each nurse independently
assigned triage scores using either the ESI or the
CTAS to “…200 case scenarios abstracted from
prospectively collected local ED cases” (p. 242).
Data evaluated in the present study were
analyzed previously15 using generalizability

Jackknife
Agreement

ESS

35.0
46.7
27.3
46.5
33.8

40.7%

14.8

48.0%

21.3

34.0%
53.0%
42.7%
49.0%
53.5%

32.2
47.2
25.5
39.6
36.0

42.2%

17.1

53.0%

27.7

39.0%
53.0%
50.0%

41.9
49.8
46.5

NA
NA
NA

---------------------------------------------------------Note: Jackknife agreement was stable unless specified;
NA= not available due to sparse data for one or more
triage codes. All p were statistically significant at the
experimentwise criterion8 (all p<0.0001). ESS values
given in red indicate relatively weak association, otherwise the ESS values indicate moderate association.8

For all 12 remaining pairings the a priori
model was untenable—no UniODA model was
possible for the a priori hypothesis given the
actual data. Thus, for these remaining pairings
the a priori hypothesis was dropped, and an
exploratory UniODA analysis was conducted.8
51
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For seven pairings the exploratory
UniODA model which is illustrated in Figure 2
was identified.

For the remaining five rater pairs no
UniODA model was possible that included all
five triage levels. Thus, exploratory UniODA
was allowed to forego the use of one or more
class categories (triage codes) in the model. This
is known as a degenerate solution, and it is used
to identify an optimal model in applications
involving sparse or missing class categories.8
The model illustrated in Figure 3 emerged for
all five pairings.

Figure 2: Exploratory UniODA Model
Rater-A
1
2
3
4
5

Rater-B






2
1
3
4
5

Figure 3: Exploratory Degenerate
UniODA Model

This is a classic example of one of four
general types of reliable nonlinear patterns that
may underlie reliability data, which have been
described8 (specifically, Type A; pp. 137-138).
Triage codes in these pairings demonstrate local
regression at lower levels of the scale (over the
two most severe triage codes), but are stable
over the remaining range of the scale. Table 2
summarizes the findings of these analyses.

Rater-A
1,2
3
4
5

CTAS
Rater

Training
Agreement

ESS

p<

3

3
5

38.2%
33.5%

33.5
28.5

0.0008
0.04*
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3
4
5

In Figure 3 the UniODA model reveals
collapsing (local compression) for the most
serious cases (triage codes<3), but consistent
assignments for triage codes >3. The model is
degenerate because no predictions of triage code
2 are made for Rater-B. Table 3 summarizes the
findings of these analyses.

Table 2: Rater pairings consistent with the
exploratory UniODA model in Figure 2
ESI
Rater

Rater-B

Table 3: Rater pairings consistent with the
exploratory degenerate UniODA
model in Figure 3

4

1
24.1%
33.2 0.007
2
33.2%
35.7 0.0008
3
32.8%
33.6 0.003
4
41.7%
40.4 0.0001
5
35.2%
34.6 0.002
----------------------------------------------------------

ESI
Rater
5

CTAS
Rater

Training
Agreement

ESS

Jackknife
Agreement

ESS

1
33.5%
23.6
2
46.5%
32.6
3
36.7%
25.0
4
46.5%
31.5
5
49.5%
35.4
43.5%
21.6
---------------------------------------------------------------------Note: Jackknife agreement was stable unless specified.
All p were statistically significant at the experimentwise
criterion8 (all p<0.002). ESS values given in red indicate
relatively weak association, and otherwise the ESS values
indicate moderate association.8

Note: Jackknife analysis was not possible for these
models due to sparse data for one or more triage codes.
The asterisk indicates p was statistically significant at
the generalized (per-comparison) criterion, but wasn’t
statistically significant at the experimentwise criterion.8
The ESS values indicate moderate association.8

52

Optimal Data Analysis
Vol. 3 (April 14, 2014), 50-54

Copyright 2014 by Optimal Data Analysis, LLC
2155-0182/10/$3.00

5

The findings indicate moderate intermethod agreement for ESI- and CTAS-based
triage codes. No rater pair achieved relatively
strong agreement, one pair returned relatively
weak agreement, and 24 pairs evidenced
moderate levels of agreement. The a priori
UniODA model was feasible for 13 rater pairs,
but 12 pairs revealed patterns of consistent
disagreement. Five of the exploratory models
identified compression inconsistencies, and
seven models identified local regression for the
most serious emergency medicine cases. The
finding for one rater pair wasn’t statistically
significant at the experimentwise criterion.
As expected1, the weakest training ESS
obtained for inter-method analyses (23.6) was
comparable to the weakest training ESS values
obtained in prior research2 for inter-observer
analyses (22.8 for CTAS ratings; 28.6 for ESI
ratings). And, also as expected1, the strongest
ESS observed for inter-method UniODA models
(49.8) was lower than strongest ESS observed
for inter-observer models for ESI (59.9) or
CTAS (53.6) triage ratings.
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Globally Optimal Statistical Classification
Models, I: Binary Class Variable,
One Ordered Attribute
Paul R. Yarnold, Ph.D. and Robert C. Soltysik, M.S.
Optimal Data Analysis, LLC

Imagine a random sample S consisting of a class variable (“dependent
measure”), one or more attributes (“independent measures”), a weight
(unit-weighted observations are equally-valued), and a number of
observations N yielding at least minimally adequate statistical power
for testing the a priori or post hoc hypothesis that the attributes
predict the class variable. The null hypothesis is the attributes can’t
predict the class variable. A statistical model is identified for S that
optimally (most accurately) predicts the (weighted) class variable on
the basis of the attributes.1,2 This is the first axiom underlying
novometrics—meaning new (Latin: novo) measurement, and
connoting a newly discovered theoretically-motivated algorithm that
explicitly identifies the globally-optimal (GO) statistical model(s)
underlying S.3 Originating from operations research, “optimal” as
used here denotes explicitly maximized (weighted) classification
accuracy for S: that is, predicting the class category of (weighted)
observations in S as accurately as is theoretically possible for S.4
Novometry identifies the nature and strength of the GO relationship(s)
between a class variable and one or more attributes for S, where
nature and strength are characterized by the number and homogeneity
of discrete sample strata identified by GO statistical model(s). Models
maximizing ESS (a normed index of effect strength) and efficiency
(ESS/number of strata, a normed index of parsimony) prevent overfitting and promote cross-generalizability when using the model to
classify an independent random S.5 This article demonstrates
novometry for elemental applications involving one binary class
variable and one ordered attribute. Using data from the Surveillance,
Epidemiology, and End Results (SEER) Program, cancer incidence is
parsed separately by sex (male, female) and by race (white, African
American) to ascertain whether these class variables identify discrete
patient strata differing in cancer incidence.
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Casual observation reveals that relatively
few statistical classification or discrimination
models reported in the literature achieve perfect
or nearly perfect prediction of the class variable,
regardless of the number of attributes included
in the model. Instead, many if not most of the
published discrimination models achieve a level
of classification accuracy which is substantially
less than perfect despite inclusion of a relatively
large number of attributes: indeed, mediocre
classification accuracy is the norm. As a first
step toward improving quality it is helpful to
characterize the nature of an excellent statistical
classification model.
Simply stated, an excellent statistical
classification model explains a class variable
accurately and parsimoniously. In the optimal
data analysis (ODA) paradigm accuracy is
assessed by a statistic called effect strength for
sensitivity or ESS.1 Regardless of the number of
levels which constitute the class variable, or of
the number of predictor variables (attributes)
used in the model, or of the metrics used to
assess the attributes, or of the sample size, ESS
is a normed statistic. That is, for every statistical
classification problem ESS=0 represents the
level of classification accuracy which is
expected by chance for S, and ESS=100
represents errorless classification. And, in the
ODA paradigm, parsimony is assessed using a
statistic called efficiency, which is defined as
ESS divided by the number of distinct strata—
that is, the number of separate subsamples of
observations—which are identified by the
classification model. As a means of illustrating
these concepts, consider three statistical
discrimination problems each involving a class
variable having two levels, for example gender:
males versus females.
First, imagine a model which perfectly
predicts the gender of all observations in the
sample. If the model separated (parsed) the
observations into two strata—one consisting
entirely of males and the other consisting
entirely of females, then the classification model

would achieve ESS=100 and efficiency=50 (a
solution having two strata can only occur with a
model involving a single attribute). Figure 1
illustrates the ESS-by-efficiency space, in which
the perfect two-strata model is located in the
extreme upper right-hand corner of the space.
Consider two different less-than-perfect twostrata ODA models, indicated as 1 and 2, which
have different ESS and efficiency values. As
seen, the distance of model 1 from the perfect
solution (indicated using an arrow) is greater
than the distance of model 2 from the perfect
solution. Model 1 is thus a better approximation
of (it is closer to) the perfect solution, and is
therefore superior to model 2, a worse
approximation of (it is further away from) the
perfect solution. If these two ODA models were
the only models which were possible for this
specific application (the possible existence of
multiple ODA models for a single application is
discussed ahead), then model 1 would be
assessed as being the globally-optimal (GO)
ODA model in this application.
50
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Next, imagine a perfect model separating
observations into three strata, with at least one
strata consisting entirely of males, another
consisting entirely of females, and the third
strata consisting entirely of either males or
females. The classification model would achieve
ESS=100 and efficiency=33.3 (a solution
having three strata can only occur with a model
involving one or two attributes). Figure 1 also
illustrates the ESS-by-efficiency space, in which
the perfect three-strata model is located in the
extreme upper right-hand corner of the space (in
Figure 1 change the efficiency values of “50” to
“33.3”, and “25” to “16.6”). Consider two
different less-than-perfect three-strata ODA
models, indicated as 1 and 2, which have
different ESS and efficiency values. As seen,
the distance of model 1 from the perfect solution
is greater than the distance of model 2 from the
perfect solution. Model 1 is a better
approximation of the perfect solution, and
therefore is superior to model 2, which is a
worse approximation of the perfect solution. If
these two ODA models were the only models
possible for this specific application, then model
1 would be the GO ODA model in this
application.
Finally, imagine a model separating
observations into four strata, with at least one
strata consisting entirely of males, another
entirely of females, and the third and fourth
strata each consisting entirely of either males or
females. The classification model would achieve
ESS=100 and efficiency=25 (a solution having
four strata can only occur with a model
involving one, two, or three attributes). Figure 1
also illustrates the ESS-by-efficiency space, in
which the perfect three-strata model is located
in the extreme upper right-hand corner of the
space (in Figure 1 change the efficiency values
of “50” to “25”, and “25” to “12.5”). Consider
two different less-than-perfect four-strata ODA
models, indicated as 1 and 2, which have
different ESS and efficiency values. As seen,
the distance of model 1 from the perfect solution

is greater than the distance of model 2 from the
perfect solution. Model 1 is a better approximation of the perfect solution, and thus is superior
to model 2, which is a worse approximation of
the perfect solution. If these two ODA models
were the only models possible for this specific
application, then model 1 would be the GO
ODA model in this application.
Having clarified the concepts of an
excellent statistical classification model, and of
a GO ODA model for a specific application,
novometric analysis which identifies a GO ODA
model for an application involving a binary
class variable and a single ordered attribute is
next described and illustrated.
Novometric Axioms
A comprehensive reference detailing the
motivation for and execution of patent-pending
novometric methods is in preparation, as is a
patent-pending black-box analysis module
which applies novometry to any S and produces
a report identifying the GO model(s). The
following description of novometric axioms is
necessarily qualitative in order to protect
proprietary intellectual property until the final
patent is awarded.5
Axiom 1: S consists of a class variable,
one or more attribute(s), a weight (unless it is
otherwise specified a unit weight of 1 is used,
indicating that observations are equally-valued),
and a number of observations N, which yields
minimally adequate statistical power for testing
the a priori or post hoc hypothesis that the
attribute(s) predict the class variable, using
exact optimal (maximum-accuracy) statistical
methods.1,6-10 The null hypothesis is the
attribute(s) can’t predict the class variable.1
Axiom 2: In applications involving two
or more attributes, the specific subset of attributes which yield GO model(s) in S is identified
by a structural decomposition analysis (SDA),
an iterative application of UniODA1 conceptually analogous to principal components
analysis11, but which explicitly maximizes
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classification accuracy rather than variance.
In the present study all analyses involve a single
attribute, so SDA isn’t used.
Axiom 3: GO model(s) for S lie within
the descendant family of models obtained by
applying the minimum denominator search
algorithm3 (MDSA) to an initially-unrestricted
enumerated classification tree analysis12 (CTA)
model configured to predict the class variable
using only the attribute(s) selected by SDA. The
MDSA enables the discovery of all possible
CTA models in S that originate from an initially
unrestricted model.
Axiom 4: Validity analyses conducted
using hold-out, leave-one-out (one-sample jackknife) or bootstrap methods for static data, or
using test-retest methods for dynamic (repeatedmeasures) data, provide an estimate of the crossgeneralizability of ESS and other classification
performance indices for the GO model.1
Parametric statistical classification
methods developed using the general linear
model and maximum-likelihood paradigms
involve the use of 95% confidence intervals to
assess the overlap of model parameters and
performance indices with each other and also
with chance (“error”), to assess if model and
chance effects overlap—indicating the absence
of statistical reliability. Chance performance is
represented by the value zero, but statistical
models rarely attain a result of zero when
applied to random data, especially for smaller
samples.13-15 In novometry confidence intervals
are also used to assess the overlap and reliability
of model performance. In contrast to parametric
methods however, exact discrete confidence
intervals are developed using a Fisher’s
randomization procedure for the ODA model,
and using a bootstrap methodology for chance.3

and report estimates of cancer incidence, survival, mortality, other measures of the cancer
burden, and patterns of care, in the USA.16
Statistics from the SEER Program routinely
include information specific to race/ethnic
populations as well as other populations defined
by age, gender, and geography.
In this study cancer incidence is parsed
separately by sex (male, female) and by race
(white, African American) to ascertain if these
class variables identify discrete patient strata
differing in cancer incidence. A third ethnic
category in the SEER data wasn’t used because
it combines heterogeneous race categories,
undoubtedly inducing paradoxical confounding
which is impossible to assess or circumvent.17-19
Cancer incidence rate is the number of
new cancers of a specific site (type) occurring in
a specified population in one year, expressed as
the number of new cancers for every 100,000
population at risk. In SEER data the number of
new cancers may include multiple primary
cancers occurring in one patient; the primary
site reported is the site of origin and not the
metastatic site; and the population used in computation depends on the rate being calculated
(e.g., for cancer sites occurring in one sex, the
sex-specific population is used). SEER provides
an age-adjusted rate weighted by the proportion
of people in the corresponding age groups of a
standard population, but raw data were used to
avoid possible paradoxical confounding.
All cancer categories in the SEER
database were analyzed in the order they are
provided. Each analysis involved either N=608
or N=304 observations, as indicated in Table
notes. Under proportional reduction in sample
size over successive parses: for N=608 one
binary parse will create two strata, each having
N=304 observations; two binary parses will
create four strata each with N=152 observations;
and three binary parses will create eight strata,
each having 76 observations. For a two-tailed
analysis with a binary class variable, an ordered
attribute, and endpoints having 76 observations,

Demonstrating Novometric Analysis
Data are drawn from the Surveillance,
Epidemiology, and End Results, or SEER
Program, which collects and publishes cancer
incidence and survival data in order to assemble
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moderate ESS values of 32.5 (for p<0.01) and
28.7 (for p<0.05) are required for power of at
least 90%.9 There is excellent statistical power
for CTA models involving eight strata for N=
608, and four strata for N=304. Fisher’s
randomization and bootstrap analyses were used
in validity analysis.1,3
Table 1 summarizes the findings of
novometric analysis using sex to parse cancer
incidence data for all cancer types combined.
The first CTA model to emerge had
moderate ESS. By conventional rule-of-thumb,
models yielding ESS<25 indicate weak effects;
models yielding 25<ESS<50 indicate moderate
effects; models yielding 50<ESS<75 indicate
strong effects; and models yielding ESS>75
indicate very strong effects.1 The point estimate
of ESS for this initial model (33.2), and the
upper (41.2) and lower (25.4) bounds of the
95% CI for model-based ESS, all indicate a
moderate effect. In contrast, the 95% CI for
chance-based ESS is relatively weak, and lies
substantially beneath the 95% CI for modelbased ESS. The initial CTA model identified six
patient strata, the smallest of which represented
two observations. The 95% CI for this endpoint
(not tabled) included 0%, rendering the CTA
model redundant.
In step two a five-strata CTA model was
obtained yielding moderate ESS equivalent to
that of the initial six-strata model, as assessed
by point estimate and by 95% CI overlap. The
five-strata model had 6.64/5.54 or 19.9% greater
efficiency assessed by point estimate, but this
difference wasn’t statistically significant
because the five- and six-strata 95% CIs for
efficiency overlapped. The smallest strata for
this model had 63 patients.
In step three the final model in the
descendant family identified three patient strata.
Based on point estimates the model achieved
31.9/33.2 or 96% of the overall accuracy (ESS)
of the other models. And, comparison of 95%
CIs for model-based ESS indicates that all three
models had comparable ESS (the three-strata

model had significantly greater efficiency than
the six-strata model). However, the lower-bound
of ESS for the three-attribute model was 22.8,
falling into the qualitative category of relatively
weak: ESS yielded by the three-strata model
thus indicates a weak-moderate effect. Having
comparable strength and greater parsimony and
efficiency than other models in the descendant
family, the three-strata model is closer to the
perfect prototype (Figure 1) and thus is selected
as the GO model of the relationship between sex
and all-site cancer incidence.
Table 1: Parsing Cancer Incidence by Sex:
All Sites Combined
Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------All Sites
6
2
33.2
5.54
25.4-41.2 4.22-6.87
0.33-7.57 0.06-1.26
5
63
33.2
6.64
25.3-41.2 5.05-8.23
0.33-6.91 0.07-1.38
3

80

31.9
10.6
22.8-40.6 7.60-13.5
0.33-7.57 0.11-2.52
----------------------------------------------------------------------

Note: Sex is male or female. Cancer Site is type of
cancer. Strata is number of CTA model endpoints.
MinD (for minimum denominator) is the smallest
sample size for any strata. ESS (effect strength for
sensitivity) is a normed index: 0 represents the level
of classification accuracy expected by chance, and
100 represents errorless classification. Efficiency, or
ESS/Strata, is a normed index of the relative strength
of the class variable(s) used in identifying sample
strata. Results for each step of the MDSA analysis3
are tabled. For each model the first line gives point
estimates; the second line gives 95% confidence
intervals (CIs) for discrete distributions obtained by
bootstrap analysis3; and the third line gives 95% CIs
for chance obtained by Monte Carlo analysis
involving 100,000 iterations. Values for model
efficiency were computed by dividing ESS values by
the number of strata. For this analysis N=608.
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The three-strata model is illustrated
using the standard representation of a CTA
model12 in Figure 1. Here, circles (model nodes)
represent attributes (cancer incidence); arrows
indicate model branches; rectangles are model
end-points and represent sample strata; numbers
(or codes for categorical attributes) adjacent to
arrows indicate the value of the cutpoint (or
category) for the node; numbers beneath nodes
give the exact generalized (per-comparison)
Type I error rate for each binary parse; the
number of observations classified in each
endpoint is indicated beneath the endpoint; and
the percentage of class=1 (male) observations is
given inside the endpoint.
The sample strata having lowest cancer
incidence (<0.25%) was approximately equally
represented by males and females, and it comprised 275/608 or 45% of the total sample. In
contrast, the sample strata with highest cancer
incidence (>2.06%) was dominated (98.8%) by
males, and comprised 13% of the total sample.
Finally, the sample strata having intermediate
levels of cancer incidence (0.26%-2.065%) was
largely composed of females (69.2%; 7:3 odds),
and comprised 42% of the total sample.

cancer incidence. Casual inspection of Table 3
reveals this result to be a Simpson’s Paradox in
which the combined data mask actual effects.17
Clearly, observations having different types of
cancer should not be combined in research in
which race is used as a variable. If combining
cancer types is considered (e.g., to increase N),
first assess if paradoxical confounding exists,
and if confounding is present then determine if
it may be circumvented.17 If confounding exists
and can’t be circumvented, then cancer types
can’t be combined but instead must be treated as
separate class or attribute categories.1,17
Table 2 summarizes novometric analysis
using sex to parse oral cavity and pharynx cancer incidence. Note that the first (oral cavity and
pharynx) and last (other oral cavity and pharynx) categories combine different types of
cancer, and may thus be confounded.
The first analysis assessed the combined
oral cavity and pharynx site, and identified a
two-strata model with moderate strength: the
ESS point estimate for this combined category
(39.5) exceeded ESS point estimates obtained
for any other category. This is an example of
another form of paradoxical confounding, in
which the strength of the relationship for the
combined sample is greater than the strength of
the relationship for the separate categories.17
In contrast, the ESS point estimate for
the other oral cavity and pharynx category
(25.7) was among the lowest, only marginally
exceeding the criterion for a weak effect. The
model yielded a weak-moderate effect on the
basis of the model-based ESS 95% CI. This is a
third form of confounding in which the strength
of the relationship is weaker for the combined
sample than for separate categories.17 For the
remaining nine cancer categories the point estimates of model accuracy (ESS) and efficiency
were moderate for all except Lip and Salivary
Gland cancers, for which weak effects emerged.

Cancer
Incidence
<249.439

>2066.0435
p<0.0001

p<0.0001

<2066.0435
53.45%
Males

30.83%
Males

98.75%
Males

N=275

N=253

N=80

Figure 1: Standard Representation of Three-strata
Model for Sex Parsing All Cancer Sites

In contrast, when race was used to
parse cancer incidence data for all cancer sites
combined, no statistically reliable model was
found, suggesting that race is unrelated to
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Table 2: Parsing Cancer Incidence by Sex:
Oral Cavity and Pharynx

Table 3 summarizes novometric analysis
using race to parse oral cavity and pharynx
cancer incidence.

Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Oral Cavity and
2
120
39.5
19.7
Pharynx
33.1-46.0 16.6-23.0
0-6.58
0-3.29
Lip

2

62

19.7
14.5-25.3
0-4.61

9.87
7.27-12.6
0-3.31

Tongue

2

120

37.5
30.8-44.1
0-6.58

18.8
15.4-22.1
0-3.29

20.1
10.5-29.3
0.33-7.57

Salivary Gland

Floor of Mouth

3

2

Gum and Other
Mouth

3

Nasopharynx

2

Tonsil

Oropharynx

2

2

90

124

103

136

162

143

Hypopharyanx

2

136

Other Oral Cavity
and Pharynx

2

120

Table 3: Parsing Cancer Incidence by Race:
Oral Cavity and Pharynx
Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Lip
2
289
50.3
25.2
42.3-58.4 21.2-29.2
0.33-8.22 0.16-4.11
Tongue

5

29

6.69
3.51-9.77
0.11-2.52

4

122

33.6
26.6-40.5
0-6.58

16.8
13.3-20.3
0-2.19

3

135

30.6
21.6-39.3
0.33-8.22

10.2
7.20-13.1
0.11-2.74

Salivary Gland

2

30.3
22.7-37.5
0-6.58

15.1
7.55-12.5
0-2.19

Floor of Mouth

37.5
30.0-45.1
0-7.24

18.8
15.0-22.5
0-3.62

34.5
27.1-41.7
0.33-6.91

17.3
13.6-20.9
0.16-3.46

38.8
31.8-46.0
0-6.58

19.4
15.9-23.0
0-2.19

25.7
12.8
18.7-32.8 9.34-16.4
0-6.58
0-2.19
----------------------------------------------------------------------

35.5
26.8-44.5
0-7.89
29.3
20.2-38.3
0-7.57
20.7
12.9-28.5
0.33-6.91

7.11
5.35-8.91
0-1.58
7.32
5.05-9.58
0-1.89
6.91
4.31-9.49
0.11-2.30

93

16.1
9.58-22.8
0.33-5.59

8.06
4.79-11.4
0.16-2.80

2

223

11.5
2.28-20.5
0.33-7.57

5.76
1.14-10.2
0.16-3.78

Gum and Other
Mouth

3

113

21.4
13.8-29.1
0.33-6.91

7.13
4.58-9.70
0.11-2.30

Nasopharynx

3

88

2

113

29.0
23.0-35.1
0-5.26
26.3
19.3-33.3
0-6.58

9.65
7.67-11.7
0-1.75
13.2
9.64-16.7
0-3.29

5

48

3

106

2

209

27.0
18.8-35.0
0-7.24
17.8
10.9-24.9
0-5.92
14.8
6.03-23.7
0.33-7.57

5.39
3.76-7.00
0-1.45
5.92
3.62-8.30
0-1.97
7.40
3.02-11.8
0.16-3.78

4

41

32.9
23.9-41.7
0-7.89

8.22
5.97-10.4
0-1.97

Tonsil

See Note to Table 1.

On the basis of 95% CIs, five models
had weak-moderate effects, and four models had
moderate effects. For every analysis a single
model was identified, and all except two models
had two strata, limiting opportunity for granular
parsing in applications with multiple attributes.

Oropharynx
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3

158

2

291

Hypopharyanx

3

165

Other Oral Cavity
and Pharynx

6

35

26.3
18.3-34.3
0-7.24
21.4
12.4-30.6
0.33-8.22

8.77
6.11-11.4
0-2.41
10.7
6.21-15.3
0.16-4.11

19.4
10.9-28.0
0.33-7.57

6.47
3.64-9.32
0.11-2.52

The three-strata model was 30% less accurate
and 6% less efficient than the four-strata model
by point estimates. Because the model parsing
four strata has qualitatively comparable strength
and highest efficiency of all models, it is judged
to be the GO model for this descendant family.
Sex was a significantly more efficient predictor
of tongue cancer than was race.
For salivary gland cancer the two-strata
race model was modestly less accurate and more
efficient than the three-strata sex model.
For floor of mouth cancer, lower bounds
of the 95% CIs for model ESS and efficiency
overlapped corresponding 95% CIs for chance,
indicating that race is not reliably predictive of
floor of mouth cancer. For sex, in contrast, a
moderate effect was identified.
For gum and other mouth cancer (a combined category which may exhibit paradoxical
confounding), race and sex both yielded a weakmoderate effect.
For nasopharynx cancer the three-strata
model identified in MDSA analysis had slightly
greater, qualitatively comparable weakmoderate ESS, but a 27%-lower efficiency point
estimate versus the two-strata model—the GO
model of this descendant family.
For tonsil cancer, lower bounds of the
95% CIs for model ESS and efficiency overlapped corresponding 95% CIs for chance for
the two-strata model identified in MDSA
analysis. Based on point estimates the five-strata
model had 52% greater accuracy than the threestrata model, but 10% lower efficiency. The
three-strata model obtained a weak effect, and
the five-strata model obtained a weak-moderate
effect. While the three- and five-strata models
had comparable ESS and efficiency, the threestrata model was 40% more parsimonious, and
thus is selected as the GO model. For tonsil
cancer the sex model was more accurate,
efficient, and parsimonious than the race model.
For oropharynx cancer a descendant
family of three weak-moderate models emerged
for race. The two- and three-strata models had

29.9
4.99
20.9-38.8 3.48-6.46
0.33-8.22 0.06-1.37
4
37
27.0
6.74
17.7-36.2 4.42-9.05
0-7.89
0-1.97
3
118
26.6
8.88
18.1-35.4 6.04-11.8
0-7.57
0-2.52
2
271
17.4
8.72
7.99-26.6 4.00-13.3
0-7.57
0-3.78
---------------------------------------------------------------------See Note to Table 1. The class variable race was white or
African American. No model emerged for combined Oral
Cavity and Pharynx.

The first analysis assessed the combined
oral cavity and pharynx category, and no statistically reliable model was identified. This suggests that race does not predict cancer incidence
for this site: another example of paradoxical
confounding masking actual effects.17
In this category lip cancer produced the
weakest effect in sex analyses but the strongest
effect in race analyses—the first model thus far
yielding a relatively strong ESS point estimate
(a moderate-strong effect by 95% CI): this level
of accuracy is greater than has been obtained
by many multiattribute models.20
For tongue cancer the first CTA model
to emerge in MDSA analysis had moderate ESS,
and identified five strata. The second (fourstrata) model had a moderate ESS point
estimate, but the lower bound of the 95% CI
reflected a relatively weak effect. The point
estimate of efficiency of the four-strata model
was greatest in the descendant family, but the
95% CIs revealed that all three models had
statistically comparable ESS and efficiency.
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comparable ESS and efficiency as assessed by
95% CIs. By point estimates the three-strata
model had 23% greater ESS, and 18% lower
efficiency than the two-strata model. However,
the use of two strata is 33% more parsimonious
than use of three strata, suggesting the twoattribute model is the GO model. The sex effect
was substantially greater than the race effect.
For hypopharynx cancer a weakmoderate three-strata model emerged for race.
The model for sex was 50% more parsimonious,
100% more accurate (ESS), and 300% more
efficient than the model for race.
Finally, for other oral cavity and pharynx cancer, a descendant family of four weakmoderate models emerged for race. The lower
bounds of the 95% CIs for model ESS and
efficiency overlapped the corresponding 95%
CIs for chance for the two-strata model. The
three-strata model was selected as GO on the
basis of its qualitatively and quantitatively
comparable accuracy, and substantially stronger
efficiency, versus six- and four-strata models.
Considered as a whole, sex and race both
generally predict different manifestations of oral
and pharynx cancer at a weak-moderate level of
accuracy and efficiency. The MDSA analyses
identified many descendant families for race but
none for sex. The most powerful model emerged
for race used to parse lip cancer incidence.
Table 4 summarizes novometric analysis
using sex to parse digestive system cancer
incidence.

113

32.6
26.1-39.2
0.33-6.25

100

15.8
9.16-22.6
0-5.92

7.90
4.58-11.3
0-2.96

Splenic Flexure

2

72

12.5
6.58-18.6
0-5.26

6.25
3.29-9.28
0-2.63

Sigmoid Colon

2

76

11.8
5.80-17.9
0-5.26

5.90
2.90-8.97
0-2.63

Rectum and Rectosigmoid Junction

2

73

14.8
8.93-20.9
0.33-4.93

7.40
4.46-10.4
0.16-2.46

Rectum

2

122

15.1
7.71-22.5
0-6.58

7.56
3.86-11.3
0-3.29

Anus, Anal Canal
and Anorectum

2

83

See Note to Table 1. No model emerged for Small Intestine;
Colon and Rectum; Colon excluding Rectum; Cecum;
Appendix; Ascending Colon; Hepatic Fracture; Transverse Colon; Descending Colon; Large Intestine NOS; or Rectosigmoid
Junction.

As seen, no statistically reliable model
emerged for 11 cancer categories, all eight
models which were identified were binary (twostrata) parses, and point estimates of accuracy
were weak for all models except for the
moderate finding for esophagus cancer. For
anus, anal canal and anorectum cancer, lower
bounds of the 95% CIs for model ESS and
efficiency overlapped the corresponding 95%
CIs for chance, indicating that sex is not predictive of anus, anal canal and anorectum cancer.
Table 5 gives novometric results using
race to parse digestive system cancer incidence.
As seen, no statistically reliable model
was identified for 13 cancer categories, and the
six models which were identified had descendant families having two or three members. Race
and sex both had models for three cancer types.
For esophagus cancer the three-strata race
model was 43% more accurate and only 4.6%
less efficient than the two-strata model. In
comparison the sex model was 36% more accurate (by ESS point estimates) and significantly

Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Digestive System
2
48
13.2
6.58
8.34-18.1 4.17-9.06
0-3.95
0-1.98
2

2

11.5
5.76
4.99-17.9 2.50-8.96
0.33-5.59 0.16-2.88
----------------------------------------------------------------------

Table 4: Parsing Cancer Incidence by Sex:
Digestive System

Esophagus

Stomach

16.3
13.0-19.6
0.16-3.12
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Hepatic Fracture

more efficient (non-overlapping 95% CIs) than
the race model. And, for stomach cancer and
splenic flexure cancer, for the two-strata race
model the lower bounds of the 95% CIs for
model ESS and efficiency overlapped
corresponding 95% CIs for chance, and both
of the three-strata models achieved a weakmoderate effect. Similarly, for the two-strata
race model for hepatic fracture cancer the lower
bounds of the 95% CIs for model ESS and efficiency overlapped corresponding 95% CIs for
chance, and the three-strata model returned a
weak effect.

Splenic Flexure

Small Intestine

Appendix

110

2

274

4

59

3

155

6

25

4

42

2

191

19.1
10.2-28.1
0-7.89
11.2
1.75-20.7
0-7.89

6.36
3.40-9.36
0-2.63
5.59
0.88-10.3
0-3.94

27.6
19.1-36.2
0-7.24
22.7
14.4-31.0
0.33-6.91

6.91
4.78-9.06
0-1.81
7.57
4.78-10.3
0.11-2.30

42.1
33.5-50.5
0-7.89
39.8
31.4-48.2
0.33-7.57
33.9
25.7-42.0
0.33-7.57

7.02
5.59-8.42
0-1.32
9.95
7.85-12.0
0.08-1.89
16.9
12.8-21.0
0.16-3.78

2

194

3

193

15.1
8.93-21.2
0-5.26
13.2
4.43-21.9
0-7.24

5.04
2.98-7.06
0-1.75
6.58
2.22-10.9
0-3.62

See Note to Table 3. No model emerged for combined
Digestive System; Colon and Rectum; Colon excluding Rectum;
Cecum; the Ascending, Transverse, Descending, or Sigmoid
Colon; Large Intestine, NOS; Rectum and Rectosigmoid
Junction; Rectosigmoid Junction; Rectum; or Anus, Anal Canal
and Anorectum.

Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Esophagus
5
39
29.6
5.92
20.6-38.4 4.12-7.69
0-7.89
0-1.58
3
184
24.0
8.00
15.5-32.7 5.15-10.9
0.33-7.57 0.11-2.52
2
221
16.8
8.39
7.93-25.8 3.96-12.9
0.33-7.57 0.16-3.78
3

78

22.0
7.35
13.7-30.5 4.57-10.2
0.33-7.57 0.11-2.52
2
195
11.5
5.76
2.50-20.3 1.25-10.1
0.33-7.57 0.16-3.78
----------------------------------------------------------------------

Table 5: Parsing Cancer Incidence by Race:
Digestive System

Stomach

3

The three-strata race model for small
intestine cancer yielded a weak-moderate effect.
Finally, the two-strata race model for
appendix cancer, having qualitatively comparable accuracy and significantly greater efficiency
than all but one of the other members of its
descendant family, achieved a moderate effect.
Table 6 summarizes novometric analysis
using sex to parse liver and intrahepatic bile
duct cancer incidence.
As seen, no statistically reliable model
was identified for four of the cancer categories,
all five models that were identified were binary
parses, and accuracy point estimates were weak
except for the moderate finding for liver cancer.
For intrahepatic bile duct and gallbladder cancer, the lower bounds of the 95% CIs for model
ESS and efficiency overlapped the corresponding 95% CIs for chance, indicating sex is not
predictive of anorectum cancer.
Table 6: Parsing Cancer Incidence by Sex:
Liver and Intrahepatic Bile Duct
Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Liver and Intra2
102
23.0
11.5
Hepatic Bile Duct
16.3-29.9 8.14-14.9
0-5.92
0-2.96
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Liver

2

119

25.3
18.2-32.4
0.33-6.25

12.7
9.11-16.2
0.16-3.12

Intrahepatic Bile
Duct

2

185

11.5
3.05-20.3
0.33-6.91

5.76
1.52-10.2
0.16-3.46

Gallblader

2

241

14.8
5.67-24.0
0.33-7.57

7.40
2.84-12.0
0.16-3.78

Liver

Peritoneum,
2
136
21.1
10.5
Omentum
13.5-28.9 6.74-14.4
and Mesentery
0-6.58
0-3.29
----------------------------------------------------------------------

7

2

28.0
21.0-34.9
0.33-6.25
25.3
17.3-33.3
0.33-6.91

3.99
3.00-4.99
0.05-0.89
6.33
4.32-8.32
0.08-1.73

4

55

Intrahepatic Bile
Duct

2

283

25.3
16.2-34.4
0.33-7.57

12.7
8.08-17.2
0.16-3.78

Other Biliary

3

3

2

216

17.4
8.54-26.2
0.33-7.57
16.4
7.56-25.4
0-7.89

5.81
2.85-8.72
0.11-2.52
8.22
3.78-12.7
0-3.94

Retroperitoneum

2

124

28.3
21.2-35.4
0-6.58

14.1
10.6-17.7
0-3.29

Peritoneum,
Omentum
and Mesentery

2

304

37.5
28.8-46.3
0-7.89

18.8
14.4-23.2
0-3.94

Other Digestive
Organs

3

119

See Note to Table 1. No model emerged for Other Biliary; Pancreas; Retroperitoneum; or Other Digestive Organs.

Table 7 summarizes novometric analysis
using race to parse liver and intrahepatic bile
duct cancer incidence.
As seen, no statistically reliable model
was identified for two of the cancer categories,
and three of the seven identified models were
binary parses.
Race and sex both identified statistically
reliable effects for three cancer types. First, for
the combined liver and intra-hepatic bile duct
category, compared to the four-strata model—
for which the 95% CI for the endpoint with two
observations included zero, the three-strata race
model had comparable accuracy (weak effect)
and higher efficiency than the four-strata model.
Compared to the two-strata sex model, the
three-strata race model yielded comparable
accuracy but weaker efficiency.

24.0
8.00
16.9-31.1 5.63-10.4
0.33-6.25 0.11-2.08
2
264
22.4
11.2
13.3-31.3 6.64-15.7
0-7.89
0-3.94
---------------------------------------------------------------------See Note to Table 1. No model emerged for Gallbladder or
Pancreas.

Second, in the seven-strata race liver
cancer model, the 95% CI for the endpoint with
N=2 included zero (not tabled). Four-strata race
and two-strata sex liver cancer models had
comparable accuracy (ESS point estimates marginally exceeded the criterion for a weak effect):
the sex model was significantly more efficient.
And third, the moderate two-strata race
model for peritoneum, omentum and mesentery
cancer had significantly greater (within rounding error) accuracy and efficiency compared to
the weak two-strata sex model. Note that the
race model precisely halved the sample.
Binary (two-strata) race models for intrahepatic bile duct, retroperitoneum, and other
digestive organ cancers yielded performance in
the area between weak and moderate effect.

Table 7: Parsing Cancer Incidence by Race:
Liver and Intrahepatic Bile Duct
Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Liver and Intra4
2
19.4
4.85
Hepatic Bile Duct
12.3-26.6 3.07-6.64
0.33-6.25 0.08-1.56
3
54
18.8
6.25
11.8-25.8 3.93-8.59
0.33-6.25 0.11-2.08
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Finally, in the binary race model of other
biliary cancer, 95% CIs for model and chance
ESS overlapped. The three-strata race model
had a weak effect: the 95% CI for the endpoint
with three observations included zero.
Table 8 summarizes novometric analysis
using sex to parse respiratory system cancer
incidence. As seen, all six of the identified
models were binary (two-strata) parses. The
95% CIs for accuracy revealed sex produced a
weak effect for nose, nasal cavity and middle
ear cancer; a moderate effect for combined respiratory system, lung and bronchus, and trachea,
mediastinum, and other respiratory organ cancers; and a moderate-strong effect for larynx
cancer. For pleura cancer, however, the lower
bounds of the 95% CIs for model ESS and
efficiency overlapped corresponding 95% CIs
for chance, indicating sex is not predictive of
pleura cancer.

Table 9 gives novometric results for race
parsing respiratory system cancer incidence. As
seen, no statistically reliable model emerged for
the combined cancer category, suggesting race
is not predictive of respiratory system cancers—
another example of paradoxical confounding
serving to mask actual effects.17
Table 9: Parsing Cancer Incidence by Race:
Respiratory System
Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Nose, Nasal Cavity 2
115
24.0
12.0
and Middle Ear
17.0-31.0 8.51-15.5
0.33-6.25 0.16-3.12
Larynx

Table 8: Parsing Cancer Incidence by Sex:
Respiratory System
Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Respiratory System 2
99
29.3
14.6
22.9-35.8 11.4-17.9
0.33-6.25 0.16-3.12
Nose, Nasal Cavity
and Middle Ear

2

138

17.1
9.30-25.0
0-6.58

8.56
4.65-12.5
0-3.29

Larynx

2

163

43.8
36.4-51.0
0.33-6.91

21.9
18.2-2.5
0.16-3.46

Lung and Bronchus 2

111

27.3
20.5-34.0
0.33-6.25

13.6
10.2-17.0
0.16-3.12

Pleura

137

13.5
5.78-21.2
0.33-6.91

6.7
2.89-10.6
0.16-3.46

2

5

29

31.6
22.5-40.6
0-7.89
24.0
15.1-32.9
0.33-7.57

6.32
4.51-8.13
0-1.58
8.00
5.02-11.0
0.11-2.52

3

170

Lung and Bronchus 3

91

15.5
8.81-22.2
0.33-5.59

5.15
2.94-7.38
0.11-1.86

30.3
22.2-38.3
0-7.24

15.1
11.1-19.2
0-3.62

Pleura

2

166

Trachea, Mediastinum, Other

6

48

56.2
9.38
48.2-64.0 8.02-10.7
0.33-8.22 0.06-1.37
5
72
53.0
10.6
44.9-60.8 8.98-12.2
0.33-7.57 0.07-1.51
3
110
50.0
16.7
41.7-58.2 13.9-19.4
0-7.89
0-2.63
2
180
46.7
23.4
39.3-54.2 19.6-27.1
0-7.24
0-3.62
---------------------------------------------------------------------See Note to Table 3. No model emerged for combined respiratory system.

Race models were stronger than corresponding sex models for three cancer categories.
The binary (two-strata) race model for nose,
nasal cavity and middle ear cancer achieved a
weak-moderate effect, versus a weak effect for

Trachea, Media2
296
29.0
14.5
stinum, Other
19.7-38.0 9.86-19.0
Respiratory Organs
0-7.89
0-3.94
---------------------------------------------------------------------See Note to Table 1.
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sex. No reliable sex model for pleura cancer was
found, but the binary race model yielded weakmoderate accuracy. For trachea, mediastinum,
and other respiratory organ cancer, the twostrata race model (preferred over other models
in the descendant family due to qualitatively
comparable accuracy and significantly greater
efficiency) had significantly greater (moderatestrong) accuracy and efficiency than the (weakmoderate) binary sex model.
However, for lung and bronchus cancer
the three-strata race model was weak (versus
weak-moderate) and significantly less efficient
than the two-strata sex model. And, the twostrata sex model for larynx cancer was significantly more accurate and efficient than the
three-strata race model (more efficient than the
five-strata race model).
Table 10 summarizes novometric analysis using sex to parse bones and joints cancer
incidence. For the two-strata sex model of bones
and joints cancer, the lower bounds of 95% CIs
for model accuracy and efficiency overlapped
corresponding 95% CIs for chance. The fourstrata race model had a weak-moderate effect.

Table 11: Parsing Cancer Rate by Race:
Bones and Joints
Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Bones and Joints
2
198
29.6
14.8
21.3-38.2 10.6-19.1
0-7.24
0-3.62
---------------------------------------------------------------------See Note to Table 3.

No models emerged when parsing any of
the skin excluding basal and squamous cancer
incidence categories by sex.
Table 12 summarizes novometric analysis using race to parse this category of cancer.
Table 12: Parsing Cancer Incidence by Race:
Skin excluding Basal and Squamous
Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Skin excluding
5
14
66.1
13.2
Basal and
59.2-72.9 11.8-14.6
Squamous
0.33-7.57 0.07-1.51
4
51
63.8
16.0
56.6-71.0 14.1-17.8
0-7.89
0-1.97
2
229
61.5
30.8
54.4-68.6 27.2-34.3
0.33-7.57 0.16-3.79

Table 10: Parsing Cancer Rate by Sex:
Bones and Joints

Melanoma of
the Skin

Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Bones and Joints
4
58
20.4
5.10
12.5-28.2 3.13-7.04
0-6.58
0-1.64
2
251
14.8
7.40
5.76-24.2 2.88-12.1
0.33-7.57 0.16-3.78
----------------------------------------------------------------------

Other NonEpithelial Skin

5

25

4

63

2

234

4

83

75.3
69.2-81.2
0.33-8.22
71.4
64.4-77.8
0.33-8.22
67.1
60.4-73.7
0-7.89

15.1
13.8-16.2
0.07-1.64
17.8
16.1-19.5
0.08-2.06
33.6
30.2-36.8
0-3.94

32.9
8.22
24.0-41.9 6.00-10.5
0-7.89
0-1.97
----------------------------------------------------------------------

See Note to Table 1.

Table 11 gives novometric results using
race to parse bones and joints cancer incidence.
The two-strata race model for bones and
joints cancer is more accurate and significantly
more efficient than the four-strata sex model.

See Note to Table 3.

For the combined skin excluding basal
and squamous cancer category all descendant
family models had strong performance, but the
two-strata model had comparable ESS and was
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significantly more efficient than other models (it
correctly classified 93.1% of African Americans
and 68.4% of whites).
Similarly, for the melanoma of the skin
cancer category all descendant family models
had strong performance, but the two-strata
model had comparable ESS and was significantly more efficient than other models (it correctly classified 95.1% of African Americans
and 72.0% of whites).
For the other non-epithelial skin cancer
category race yielded a weak-moderate effect (it
correctly classified 65.5% of African Americans
and 67.4% of whites).
Table 13 summarizes novometric analysis using race to parse female genital system
cancer incidence. No statistically reliable model
was found for the combined female genital
system cancer category, suggesting that race is
not predictive of female genital system
cancers—an example of paradoxical
confounding.17 No statistically reliable model
was identified for three cancer categories (of
which one, other female genital organs, is a
combined category). For the two-strata ovary
cancer model, the lower bounds of the 95% CI
for model accuracy overlapped corresponding
95% CI for chance. However, race significantly
predicted four cancer categories. For cervix
uteri cancer the two-strata model was comparably accurate (moderate-strong effect) and
more efficient than the three-strata model. The
models for corpus and uterus, corpus uteri, and
uterus cancer produced weak-moderate effects.

Corpus and
Uterus, NOS

2

80

18.4
8.92-27.7
0-7.89

9.21
4.46-13.9
0-3.94

Corpus Uteri

2

53

20.4
10.6-30.3
0.66-8.55

10.2
5.28-15.1
0.33-4.28

Uterus, NOS

3

78

35.5
22.6-48.0
0-10.5

11.8
7.55-16.0
0-3.50

Ovary

2

48

17.1
8.56
7.68-26.8 3.84-13.4
0-10.5
0-5.25
---------------------------------------------------------------------See Note to Table 3. No model emerged for Combined Female
Genital System; Vagina; Vulva; or Other Female Genital Organs. Here, N=304. NOS=Not Otherwise Specified.

Table 14 summarizes novometric analysis using race to parse male genital system
cancer incidence. As seen, no statistically
reliable model was obtained for penis cancer.
For the combined male genital system cancer
category, the weak-moderate three-strata model
had intermediate levels of ESS and efficiency
relative to the other models in the descendant
family, and had better performance (assessed
via 95% CI) on the low end of performance
versus the two-strata model.
Table 14: Parsing Cancer Incidence by Race:
Male Genital System
Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Male Genital
4
29
36.8
9.21
System
24.7-48.8 6.19-12.2
0-10.5
0-2.62
3
78
29.0
9.65
18.0-40.1 6.00-13.4
0-9.21
0-3.07
2
99
23.0
11.5
10.8-35.1 5.42-17.5
0.66-9.87 0.33-4.94

Table 13: Parsing Cancer Incidence by Race:
Female Genital System
Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Cervix Uteri
3
84
40.8
13.6
28.5-52.5 9.50-17.5
0-10.5
0-3.50
2
90
39.5
19.7
28.5-50.6 14.2-25.3
0-10.5
0-5.25

Prostate

68

4

35

3

36

32.9
20.9-44.7
0-10.5
23.7
15.8-31.8
0-6.58

8.22
5.24-11.2
0-2.62
7.89
5.26-10.6
0-2.19
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2

71

19.1
8.01-30.1
0.66-9.87

9.54
4.01-15.1
0.33-4.94

Testes

2

118

46.1
34.2-57.2
0-10.5

23.0
17.1-28.6
0-5.25

Other Male
Genital Organs

2

104

Other Urinary
Organs

2

78

16.4
8.22
10.5-22.8 5.26-11.4
0-5.26
0-2.63
---------------------------------------------------------------------See Note to Table 1.

Table 16 gives novometric results for
race parsing urinary system cancer incidence.
No model emerged for combined urinary
system or kidney and renal pelvis cancer.
Returning a weak effect, the two-strata
race model for urinary bladder cancer had lower
accuracy and efficiency than the sex model.
The weak-moderate two-strata race
model for ureter cancer had comparable ESS but
greater efficiency compared to the four-strata
race model. The race model was more accurate
and more efficient than the sex model.

35.5
17.8
23.8-47.2 11.9-23.6
0-10.5
0-5.25
---------------------------------------------------------------------See Note to Table 3. No model emerged for Penis. N= 304.

The two-strata prostate cancer model
95% CI lower bounds for model accuracy and
efficiency overlapped corresponding 95% CIs
for chance. The weak-moderate four-strata
model had greater ESS and efficiency than the
three-strata model.
And, two-strata models emerged for
testes cancer (moderate effect), and for the combined other male genital organ cancer category
(weak-moderate effect).
Table 15 gives novometric results using
sex to parse urinary system cancer incidence.
Two-strata models yielded weak effects for
ureter and the combined other urinary organ
cancer categories, and weak-moderate effects
for urinary bladder, kidney and renal pelvis, and
the combined urinary system cancer categories.

Table 16: Parsing Cancer Incidence by Race:
Urinary System
Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Urinary Bladder
2
82
15.8
7.90
9.54-22.1 4.77-11.1
0-5.26
0-2.63
Ureter

4

80

2

288

3

151

Table 15: Parsing Cancer Incidence by Sex:
Urinary System
Other Urinary
Organs

2

88

24.3
18.2-30.7
0-5.26

12.2
9.12-15.4
0-2.63

Kidney and
Renal Pelvis

2

106

21.7
14.8-28.6
0-5.92

10.9
7.41-14.3
0-2.96

Ureter

2

56

13.8
8.58-19.2
0-4.61

6.91
4.29-9.61
0-2.31

8.06
6.07-10.0
0-1.81
14.1
9.53-18.7
0-3.94

24.0
8.00
16.1-31.2 5.37-10.6
0.33-6.91 0.11-2.30
2
250
14.5
7.24
5.09-23.6 2.54-11.8
0-7.89
0-3.94
----------------------------------------------------------------------

Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Urinary System
2
87
26.0
13.0
19.9-32.2 9.93-16.1
0.33-5.59 0.16-2.80
Urinary Bladder

32.2
24.3-40.1
0-7.24
28.3
19.1-37.3
0-7.89

See Note to Table 3. No model emerged for Combined Urinary
System or Kidney and Renal Pelvis.

For the weak two-strata race model for
the combined other urinary organ cancer category, lower bounds of 95% CI for model
accuracy overlapped corresponding 95% CI for
chance. The weak-moderate race three-strata
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model was more accurate but comparably
efficient compared to the two-strata model.
Table 17 summarizes novometric analysis using sex to parse eye and orbit cancer incidence. As seen, a weak effect was identified.

No statistically reliable model was found
for cranial nerves or (combined) other nervous
system cancer categories. Both weak two-strata
sex models had 95% CI lower bounds for model
accuracy and efficiency that overlapped corresponding chance 95% CIs.

Table 17: Parsing Cancer Incidence by Sex:
Eye and Orbit

Table 19: Parsing Cancer Incidence by Sex:
Brain and Other Nervous System

Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Eye and Orbit
2
38
11.2
5.60
6.85-15.7 3.42-7.86
0-3.95
0-1.98
----------------------------------------------------------------------

Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Brain and Other
2
275
14.8
7.40
Nervous System
5.39-24.0 2.70-12.0
0.33-7.57 0.16-3.78

See Note to Table 1.

Brain

15.1
7.56
5.83-24.4 2.92-12.2
0-7.89
0-3.94
----------------------------------------------------------------------

Table 18 summarizes novometric
analysis using race to parse eye and orbit cancer
incidence. All descendant family race models
had strong effects however the two-strata model
had significantly greater efficiency than other
models, as well as a large minimum denominator facilitative of proportional splitting in
multiattribute applications.

2

282

See Note to Table 1. No model emerged for Cranial Nerves,
Other Nervous System.

Table 20 summarizes novometric analysis using race to parse brain and other nervous
system cancer incidence.
Table 20: Parsing Cancer Incidence by Race:
Brain and Other Nervous System

Table 18: Parsing Cancer Incidence by Race:
Eye and Orbit

Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Brain and Other
2
163
26.6
13.3
Nervous System
18.6-34.6 9.32-17.3
0.33-6.91 0.16-3.46

Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Eye and Orbit
7
27
71.1
10.2
64.3-77.6 9.19-11.1
0-7.89
0-1.13
6
47
68.1
11.3
61.3-74.6 10.2-12.4
0.33-7.57 0.06-1.26
5
51
62.8
12.6
55.6-70.1 11.1-14.0
0.33-7.57 0.07-1.51
2
202
62.5
31.2
55.8-69.0 27.9-34.5
0-7.24
0-3.62
----------------------------------------------------------------------

Brain

2

171

Cranial Nerves,
Other Nervous
System

3

48

27.3
19.2-35.5
0.33-6.91

13.6
9.62-17.6
0.16-3.46

43.1
14.4
35.5-50.4 11.8-16.8
0.33-6.91 0.11-2.30
2
119
34.5
17.3
27.8-41.3 13.9-20.7
0.33-6.25 0.15-3.12
----------------------------------------------------------------------

See Note to Table 3.

See Note to Table 3.

Table 19 summarizes novometric analysis using sex to parse brain and other nervous
system cancer incidence.

An effect of weak-moderate strength
occurred for race models of brain cancer and of
combined brain and other nervous system
cancer. For cranial nerves and other nervous
70
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system cancer the moderate two-strata race
model was 20.1% more efficient, but the
moderate-strong three-strata model had 24.9%
greater ESS by point estimates.
Table 21 gives novometric results using
sex to parse endocrine system cancer incidence.
As seen, two-strata sex models yielded a weak
effect for (combined) other endocrine including
thymus cancer, a moderate effect for (combined) endocrine system cancer, and a moderate-strong effect for thyroid cancer.

Table 22: Parsing Cancer Incidence by Race:
Endocrine System
Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Endocrine System
2
265
22.7
11.4
13.5-31.8 6.76-15.9
0.33-8.22 0.16-4.11

Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Endocrine System
2
224
38.8
19.4
30.2-47.1 15.1-23.5
0-7.89
0-3.94
2

210

Other Endocrine
including Thymus

2

146

43.4
35.4-51.3
0-7.24

2

225

Other Endocrine
including Thymus

4

31

22.0
13.2-30.9
0.33-7.57

11.0
6.59-15.5
0.16-3.78

33.6
8.39
26.9-40.3 6.73-10.1
0-5.92
0-1.48
3
79
32.6
10.9
24.4-40.7 8.14-13.6
0.33-6.91 0.11-2.30
----------------------------------------------------------------------

Table 21: Parsing Cancer Incidence by Sex:
Endocrine System

Thyroid

Thyroid

See Note to Table 3.

Table 23 gives novometric results using
sex to parse lymphoma incidence. No statistically reliable model was found for Hodgkinextranodal. Sex models for (combined)
lymphoma and non-Hodgkin lymphomaextranodal categories, and for the two-strata
non-Hodgkin lymphoma model, had model ESS
95% CI that overlapped chance ESS 95% CI.
A weak-moderate four-strata model emerged for
non-Hodgkin lymphoma, and a moderate twostrata model was found for Hodgkin lymphoma.

21.7
17.7-25.7
0-3.62

15.1
7.56
7.36-23.2 3.68-11.6
0-6.58
0-3.29
---------------------------------------------------------------------See Note to Table 1.

Table 22 gives novometric results using
race to parse endocrine system cancer incidence.
The weak-moderate two-strata race model for
combined endocrine system cancer was weaker
(significantly lower for thyroid cancer) than
corresponding sex models. For combined other
endocrine including thymus cancer, the weakmoderate three-strata race model has comparable ESS and greater efficiency than the fourstrata model. The three-strata race model has
significantly greater ESS but comparable efficiency to the two-strata sex model.

Table 23: Parsing Cancer Incidence by Sex:
Lymphoma
Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Lymphoma
2
284
15.8
7.90
6.54-25.1 3.27-12.6
0-7.89
0-3.94

71

Hodgkin
Lymphoma

2

289

36.5
27.8-45.4
0.33-7.57

18.3
13.9-22.7
0.16-3.78

Hodgkin-Nodal

2

292

36.8
28.2-45.4
0-7.89

18.4
14.1-22.7
0-3.94

Non-Hodgkin
Lymphoma

4

73

19.1
10.7-27.4
0-7.24

4.77
2.67-6.84
0-1.81
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2

299

12.8
3.41-22.3
0.33-8.22

6.42
1.71-11.2
0.16-4.11

2

107

12.2
5.01-19.2
0.33-5.59

6.08
2.51-9.62
0.15-2.80

2

280

26.3
17.2-35.3
0-7.89

13.2
8.60-17.7
0-3.94

4

33

2

261

30.3
21.5-39.0
0-7.89
25.3
16.0-34.2
0.33-7.57

7.56
5.38-9.74
0-1.97
12.7
8.02-17.1
0.16-3.78

HodgkinExtranodal

2

251

47.7
39.4-55.8
0.33-7.57

23.8
19.7-27.9
0.16-3.78

Non-Hodgkin
Lymphoma

2

109

14.8
7.65-21.8
0.33-6.25

7.40
3.82-10.9
0.16-3.12

Non-Hodgkin
LymphomaNodal

2

87

16.8
10.2-23.3
0.33-5.59

8.39
5.13-11.6
0.16-2.80

Hodgkin-Nodal

Non-Hodgkin
2
240
13.8
6.91
Lymphoma4.59-22.8 2.30-11.4
Extranodal
0-7.89
0-3.94
---------------------------------------------------------------------See Note to Table 1. No model emerged for HodgkinExtranodal.

Table 24 summarizes novometric analysis using race to parse lymphoma incidence. For
the combined lymphoma and non-Hodgkin
lymphoma-nodal categories, the two-strata race
and sex models yielded comparable weak performance. For the Hodgkin lymphoma and
Hodgkin-nodal categories, the race two-strata
model achieved comparable (weak-moderate)
ESS and greater efficiency than the four-strata
model. In comparison, the sex two-strata models
achieved greater (moderate) performance. For
non-Hodgkin lymphoma the weak two-strata
race model had lower ESS but was more
efficient than the weak-moderate four-strata
sex model (the two-strata sex model wasn’t
statistically reliable). In contrast, for nonHodgkin lymphoma-extranodal the weak twostrata sex model had lower ESS and efficiency
than the weak-moderate four-strata race model.
Finally, while no statistically reliable sex model
was obtained for Hodgkin-extranodal, the twostrata race model had moderate-strong
performance.

Non-Hodgkin
4
53
28.3
7.07
Lymphoma19.5-37.1 4.87-9.27
Extranodal
0-7.89
0-1.97
---------------------------------------------------------------------See Note to Table 3.

Table 25 summarizes novometric analysis using sex to parse myeloma incidence. The
weak two-strata sex model had 95% CIs for
model and chance which overlapped.
Table 25: Parsing Cancer Incidence by Sex:
Myeloma
Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Myeloma
2
111
12.8
6.42
5.63-20.0 2.82-10.0
0.33-6.25 0.16-3.12
---------------------------------------------------------------------See Note to Table 1.

Table 24: Parsing Cancer Incidence by Race:
Lymphoma

Table 26 summarizes novometric analysis using race to parse myeloma incidence. As
seen, a weak two-strata model was identified.

Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Lymphoma
2
94
16.4
8.22
9.89-23.1 4.94-11.6
0-5.92
0-2.96
Hodgkin
Lymphoma

4

30

31.6
22.6-40.4
0-7.89

7.90
5.64-10.1
0-1.97
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Acute
Myeloid
Leukemia

Table 26: Parsing Cancer Incidence by Race:
Myeloma
Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Myeloma
2
76
18.4
9.21
12.4-24.6 6.21-12.3
0.33-6.25 0.16-3.12
----------------------------------------------------------------------

Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Leukemia
4
41
24.3
6.08
15.4-33.1 3.86-8.26
0-7.89
0-1.97
2
84
15.1
7.56
8.67-21.4 4.34-10.7
0-5.26
0-2.63
15.8
11.0-20.9
0-3.95

7.90
5.49-10.4
0-1.98

Acute
Lymphocytic
Leukemia

2

275

16.1
6.64-25.6
0.33-8.22

8.06
3.32-12.8
0.16-4.11

Chronic
Lymphocytic
Leukemia

2

15.1
9.21-21.1
0-5.26

7.56
4.61-10.5
0-2.63

Other
Lymphocytic
Leukemia

2

189

20.7
11.9-29.1
0.33-7.57

10.4
5.97-14.5
0.16-3.78

Myeloid and
Monocytic
Leukemia

2

64

12.5
6.77-18.2
0-4.61

6.25
3.38-9.08
0-2.31

72

6.08
3.60-8.66
0.16-2.14

For sex, for (combined) leukemia, the
weak-moderate four-strata model yielded 61%
greater ESS and 38% lower efficiency versus
the weak two-strata model. As the strongest
effect in this section, this is another example of
paradoxical confounding that serves to amplify
the strength of an association found in analysis
of combined data.17 The other weak-moderate
effect occurred for another combined category,
other lymphocytic leukemia. Weak two-strata
models were found (for sex but not for race) for
lymphocytic leukemia, chronic lymphocytic
leukemia, myeloid and monocytic leukemia, and
acute myeloid leukemia.
Table 28 summarizes novometric analysis using race to parse leukemia incidence. No
statistically significant models were obtained for
three leukemia categories, and the models for
(combined) leukemia and lymphocytic leukemia
had lower bounds of 95% CIs for model accuracy and efficiency which overlapped corresponding 95% CIs for chance. Statistically
reliable models were found for eight categories.

Table 27: Parsing Cancer Incidence by Sex:
Leukemia

50

12.2
7.20-17.3
0.33-4.28

See Note to Table 1. No model emerged for Acute Monocytic
Leukemia; Other Myeloid/Monocytic Leukemia; Other Leukemia; Other Acute Leukemia; or Aleukemic, Subleukemic and
NOS=not otherwise specified.

Table 27 summarizes novometric analysis using sex to parse leukemia incidence. No
statistically significant models emerged for five
leukemia categories, and the models for acute
lymphocytic leukemia and chronic myeloid leukemia had lower bounds of 95% CIs for model
accuracy and efficiency that overlapped corresponding 95% CIs for chance. Statistically
reliable models were obtained for six categories.

2

49

Chronic
2
239
15.5
7.73
Myeloid
6.27-24.5 3.14-12.3
Leukemia
0.33-8.22 0.16-4.11
----------------------------------------------------------------------

See Note to Table 3.

Lymphocytic
Leukemia

2

Table 28: Parsing Cancer Incidence by Race:
Leukemia
Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Leukemia
2
119
11.5
5.76
4.00-18.8 2.00-9.41
0.33-6.25 0.16-3.12
Lymphocytic
Leukemia

73

2

109

12.2
4.99-19.6
0.33-6.25

6.08
2.50-9.79
0.16-3.12
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Acute
Lymphocytic
Leukemia

2

138

31.6
24.3-38.9
0-6.58

15.8
12.2-19.5
0-3.29

Other
Lymphocytic
Leukemia

2

228

38.8
30.2-47.2
0-7.89

19.4
15.1-23.6
0-3.94

Acute
Monocytic
Leukemia

4

69

2

218

60.9
53.4-68.3
0.33-8.22
57.2
49.9-64.4
0-7.89

15.2
13.3-17.1
0.08-2.06
28.6
25.0-32.2
0-3.94

5

31

17.4
11.8-23.3
0.33-4.93

3.49
2.36-4.65
0.07-0.99

3

52

15.1
8.42-22.0
0-5.92

5.04
2.81-7.34
0-1.97

Other Myeloid/
Monocytic
Leukemia

2

224

46.7
38.5-54.6
0-7.89

23.4
19.2-27.3
0-3.94

Other
Leukemia

2

91

26.0
19.7-32.2
0.33-5.59

13.0
9.86-16.1
0.16-2.80

Other Acute
Leukemia

3

2

2

159

43.8
36.6-50.8
0.33-6.91
43.1
35.7-50.3
0.33-6.91

14.6
12.2-16.9
0.11-2.30
21.5
17.9-25.2
0.16-3.46

3

102

Chronic
Myeloid
Leukemia

Aleukemic,
Leukemic
and NOS

models were found for other leukemia and acute
lymphocytic leukemia, and a moderate-strong
binary model was obtained for other myeloid/
monocytic leukemia. The strongest race model
was found for acute monocytic leukemia, for
which the two-strata model had comparable
accuracy and significantly greater efficiency
than the four-strata model. The performance of
this model is within rounding error of criterion
for a strong effect (it correctly classified 64.5%
of African Americans and 92.8% of whites).
And, for race, a moderate-strong twostrata model emerged for other acute leukemia
(not tabled, in the three-strata model the 95% CI
for the endpoint with two observations included
zero and 100); a weak-moderate two-strata
model emerged for aleukemic, subleukemic and
NOS (the three-strata model had comparable
ESS and lower efficiency); and a weak twostrata model was found for chronic myeloid
leukemia (the five-strata model had comparable
ESS and lower efficiency).
Table 29 summarizes novometric analysis using sex to parse mesothelioma and Kaposi
sarcoma incidence, and Table 30 summarizes
novometric analysis using race to parse
mesothelioma and Kaposi sarcoma incidence.
As seen, sex and race obtained comparable
weak-moderate two-strata models for
mesothelioma. For Kaposi sarcoma the
moderate-strong two-strata sex model has
significantly greater ESS and efficiency than the
weak-moderate race model.

33.6
11.2
27.1-40.0 9.05-13.3
0-5.92
0-1.97
2
185
30.6
15.3
22.3-38.7 11.2-19.4
0.33-7.57 0.16-3.78
----------------------------------------------------------------------

Table 29: Parsing Cancer Incidence by Sex:
Mesothelioma and Kaposi Sarcoma

See Note to Table 3. No model emerged for Chronic Lymphocytic Leukemia; Myeloid and Monocytic Leukemia; or Acute
Myeloid Leukemia. NOS= not otherwise specified.

Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Mesothelioma
2
158
23.7
11.8
15.8-31.7 7.88-15.8
0-7.24
0-3.62

Sex and race both yielded a
statistically reliable two-strata model for the
(combined) other lymphocytic leukemia
category: the moderate performance of the race
model was significantly greater than the weakmoderate performance of the sex model.
Notably stronger than the models found
for sex, for race weak-moderate two-strata

Kaposi Sarcoma

47.4
23.7
39.8-55.0 19.9-27.5
0-7.24
0-3.62
---------------------------------------------------------------------See Note to Table 1.
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Table 30: Parsing Cancer Incidence by Race:
Mesothelioma and Kaposi Sarcoma

95% CI for model-based ESS is compared
against the 95% CI for chance-based ESS.
Substantively it is noteworthy that a
moderate-strong effect was identified for four
cancer sites by sex (larynx; cranial nerves, other
nervous system; thyroid; Kaposi sarcoma), and
for eight cancer sites by race (lip; trachea,
mediastinum, and other; Cervix Uteri; testes;
Hodgkin-extranodal; acute monocytic leukemia;
other myeloid/monocytic leukemia; other acute
leukemia). Race also emerged as a strong
predictor for three cancer sites: eye and orbit;
skin excluding basil; and melanoma of skin.
Compared to sex, race identified 275% more
relatively strong effects—evidenced by patient
strata with strongly differing cancer incidence.
In addition, race was much more likely
than sex to identify GO models involving one
attribute and three or more strata: 29 versus 3
cancer sites, respectively. Rarely observed21
prior to the development of novometry,
unfolding research suggests granular parses of
ordered attributes may underlie many, if not
most, of classical data relationships.
Finally, findings indicated that race is
particularly susceptible to different types of
paradoxical confounding. This issue may be
exacerbated if more than two ethnic groups (as
were studied presently) are involved. However,
the different groups can simply be represented
as a multicategorical variable, rather than being
combined and risking paradoxical confounding.
Multicategorical variables are easily analyzed
using exact statistical procedures.22

Cancer Site
Strata MinD
ESS
Efficiency
---------------------------------------------------------------------Mesothelioma
2
235
27.3
13.6
18.2-36.1 9.08-18.0
0.33-7.57 0.16-3.78
Kaposi Sarcoma

2

253

19.4
9.71
10.1-28.5 5.06-14.2
0.33-7.57 0.16-3.78
---------------------------------------------------------------------See Note to Table 3.

Discussion
Novometric methods used presently
specifically explored the descendant family of
models which explicitly maximize accuracy
(ESS) for S. If instead a model is sought that
maximizes parsimony (efficiency) for S, then
GO models obtained by application of MDSA to
individual attributes should also be examined. In
the present study maximum ESS models were
sought that balanced ESS and efficiency, so as
to prevent over-fitting as well as to promote
cross-generalizability. Indeed, the characteristic
nature of an excellent model is the capability to
explain much (high ESS) using a minimum
number of variables (high efficiency). Presently
the bootstrap-based 95% CIs for model ESS
were typically 10-50% of the magnitude (to
either side) of the ESS point estimate. It remains
unknown if constraining the models developed
in SDA, CTA and MDSA (Axioms 2 and 3) to
be jackknife-stable1 would reduce the width of
bootstrap 95% CIs.
It is interesting that using conventional
statistical methods a 95% CI is developed for a
model performance index, such as an odds ratio
for example, and then a determination is made if
the index value used to represent chance performance (e.g., 1) is contained within the CI.13,14
In contrast, in novometrics the classification
performance (ESS) expected by chance is
described by an exact 95% CI. In novometry the
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Globally Optimal Statistical Models, II:
Unrestricted Class Variable,
Two or More Attributes
Paul R. Yarnold, Ph.D. and Robert C. Soltysik, M.S.
Optimal Data Analysis, LLC

Novometrics—meaning new (Latin: novo) measurement, connotes a
newly discovered theoretically-motivated algorithm that explicitly
identifies the globally-optimal (GO) statistical model underlying any
random statistical sample, indicated as S.1 Originating from the field
of operations research, “optimal” denotes explicitly maximized
(weighted) classification accuracy for S: that is, predicting the class
category (“dependent variable”) of (weighted) observations in S as
accurately as is theoretically possible2 for S. Novometry identifies the
nature and strength of the GO relationship between a class variable
and one or more attributes (“independent variables”) for S, where
nature and strength are characterized by the number and homogeneity
of discrete sample strata which are identified by the GO statistical
model. Models maximizing ESS (a normed index of effect strength)
and efficiency (ESS/number of strata, a normed index of parsimony)
prevent over-fitting and promote cross-generalizability3 when using
the model to classify an independent random S. The present article
demonstrates novometry for two applications involving multiple
attributes. The first study models a binary measure of patient
satisfaction with care received in the Emergency Department (ED)
using survey ratings of administration, nurse, physician, lab, and care
of family and friends, for 2,198 ED patients. The second study
ascertains the effect of atmospheric pressure on fibromyalgia
symptoms recorded by a single individual over 297 sequential days.

The set of four axioms which underlie
novometry were recently described1,4 The first
axiom states there is sufficient sample size (N)
in S to provide adequate statistical power5 to test
the alternative hypothesis that the class variable
can be reliably discriminated on the basis of the

attribute(s). The null hypothesis states that
statistically reliable discrimination of the class
variable on the basis of the attribute(s) is not
possible for S. The second axiom states that in
applications involving more than one attribute,
the subset of attributes in S which yields the GO
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model is identified by structural decomposition
analysis (SDA), an iterative application of
UniODA6,7 which is conceptually analogous to
principal components analysis8, but which
explicitly maximizes classification accuracy
instead of variance. The third axiom states that
the GO model for S lies within the descendant
family of models obtained by applying the
minimum denominator search algorithm4
(MDSA) to an initially-unrestricted enumerated
classification tree analysis9 (CTA) model
configured to predict the class variable using
only the attribute(s) selected by SDA. The
MDSA algorithm enables the discovery of all
possible unique CTA models in S that originate
from an initially unrestricted model. Finally, the
fourth axiom states that validity analysis
conducted via hold-out, leave-one-out (onesample jackknife) or bootstrap methods for
static data, and/or by test-retest methods for
dynamic (repeated-measures) data, are an
estimate of the cross-generalizability of ESS and
other classification performance indices for the
GO model when it is applied to an independent
random S.3,6
In novometry exact discrete 95%
confidence intervals (CIs) are used to assess
classification performance of both the model
and chance for S.1,4 And, as is true for
applications involving a single attribute, for
multiattribute applications the GO model is
judged to be that member of the descendant
family of CTA models which is the closest
approximation to a theoretical optimal model
achieving perfect classification using a
minimum number of attributes.1
The first study demonstrates novometric
analysis for an application involving a binary
class variable and multiple attributes.

many different measures are used to assess
patient satisfaction.10 A manually-derived11
hierarchically optimal CTA model9 compared
highly satisfied versus highly dissatisfied
Emergency Department (ED) patients (i.e.,
patients reporting maximum or minimum
Likert-type satisfaction ratings of 5 or 1,
respectively).12,13 Patient ratings of staff concern
for patient well-being, waiting time, and
physician explanation of tests and procedures
emerged as important discriminating factors.
The present study begins by replicating this
analysis using novometry, comparing extremely
satisfied versus extremely dissatisfied ED
patients for the same S used previously.
The study was set in an 800 bed university-based level 1 Trauma center (annual
census of 48,000 patients), located in downtown
Chicago and providing 24-hour coverage by
emergency physicians. Patients discharged from
the ED were surveyed using a mailed survey
(Press Ganey Associates, South Bend, IN)
assessing their satisfaction with various aspects
of care received, one week after their ED visit.
In addition to patient overall satisfaction ratings,
the survey elicited patient ratings of likelihood
of recommending the ED to others, as well as
satisfaction ratings for aspects of administration
(helpfulness of personnel, respect for privacy,
insurance/billing processing, comfort, parking),
nurse (courtesy, problem-solving style, concern
for comfort, technical skill); physician (waiting
time, problem-solving style, explanation of
illness/injury, advice about home care,
courtesy); lab (waiting time, technical skill,
courtesy); care of family/friends; how well the
patient was kept aware of experienced delays;
and helpfulness of a brochure concerning the
operations of the ED, which was provided to
patients. A total of 2,198 surveys were returned
over a six-month period (17% return rate). The
survey is completed using a five-point Likerttype response scale: scores of 1 (very poor,
N=131) and 2 (poor, N=114) indicate
dissatisfaction; 3 (fair, N=237) indicates

Discriminating Extreme Ratings of
Emergency Department Patient Satisfaction
Broadly employed as a marker of quality
of care, patient satisfaction is widely studied and
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A theoretically ideal CTA model1 would
correctly classify all of the data (yielding ESS=
100) using a minimum number of strata. If
perfect accuracy was achieved by a 2-strata
model, then the Efficiency would be 50. Clearly,
the CTA model identified in Step 3 is the closest
to this theoretical ideal, and thus it is selected as
being the GO model for this application.

ambivalence; and 4 (good, N=671) and 5 (very
good, N=1,045) reflect satisfaction.
All analyses presented in this paper
unfolded in the same manner: attributes were
selected for analysis by SDA; unrestricted
enumerated CTA was performed using selected
attributes; and the MDSA was used to discover
the final model. Exact discrete 95% confidence
intervals (CIs) for model and chance
classification performance were obtained for
every analysis.
The analysis involved patients with
satisfaction scores of 1 or 5 (N=1,176). SDA
identified a subset of two attributes to be
included in CTA: ratings of doctor’s overall
explanation of illness/injury, and of nurse
courtesy. MDSA identified a descendant family
of four unique CTA models (Table 1).
In Step 1 (initial unrestricted model) and
Step 2 the enumerated CTA models9 employed
both the doctor and the nurse ratings; in Step 3
the CTA model used only the doctor rating; and
in Step 4 the CTA model used only the nurse
rating. Comparison of 95% CIs for model and
error effects indicates that all four CTA models
achieved statistically reliable classification.
Comparison of model 95% CIs reveals that ESS
yielded by the Step 4 model was significantly
lower (reflecting lower accuracy) than achieved
by the other models, and that Efficiency
obtained by the Step 3 model was significantly
greater (reflecting greater parsimony) than
achieved by the other models. Point estimates
reveal that model 1 achieved ESS which is 3.0%
greater than obtained by model 3—indicating
nearly equivalent accuracy. However, model 3
achieved Efficiency which is 242.1% greater
than was obtained by model 1—indicating more
than an order of magnitude greater parsimony.
Note that the minimum strata sample size for
model 1 and to a lesser extent for Model 2
provide substantially lower statistical power5
than model 3, necessitating the use of a larger
hold-out sample for an attempted replication.

Table 1: Summary of MDSA Procedure for
Discrimination of Extremely Satisfied
and Extremely Dissatisfied Patients
----------------------------------------------------------------------

Step

Strata

MinD

ESS

Efficiency

----------------------------------------------------------------------

1

5

8

88.8
82.4-94.4
0.35-5.67

17.8
16.5-18.9
0.07-1.13

2

4

27

87.9
81.6-93.4
0.25-6.26

22.0
20.4-23.4
0.06-1.56

3

2

176

86.2
80.0-91.8
0.34-6.35

43.1
40.0-45.9
0.17-3.18

4

2

354

73.5
68.0-78.4
0.37-8.22

36.8
34.0-39.2
0.18-4.11

---------------------------------------------------------------------Note: There were four steps in this MDSA. Strata is the
number of partitions identified by the CTA model. MinD
is the smallest number of observations (patients) in any of
the strata (i.e., the smallest model endpoint N). ESS is a
normed index of classification accuracy on which 0
represents the level of accuracy expected by chance and
100 represents perfect (errorless) classification. By ruleof-thumb: ESS<25 is a relatively weak effect; ESS<50 is
a moderate effect; ESS <75 is a relatively strong effect;
and ESS>75 is a very strong effect.6 Efficiency, an index
of parsimony, is ESS/number of strata. Under the ESS
and Efficiency point estimates, the first row is the exact
discrete 95% CI for the model, and the second row is the
corresponding 95% CI for chance.
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Modeling the Effect of Atmospheric Pressure
on an Individual’s Fibromyalgia Symptoms

Figure 1 presents the resulting elemental
UniODA model.1,6 As seen, in order to increase
the number of extremely satisfied patients, and
to reduce the number of extremely dissatisfied
patients, the model indicates that ED physicians
should focus on providing every patient with an
overall explanation of their illness/injury which
the patient perceives as being either “good” or
“very good”.

Doctor's
Explanation of
Patient's Illness
or Injury
"Fair" (3), "Poor" (2),
or "Very Poor" (1)

Accumulating research suggests that
changes in weather triggers and exacerbates
symptoms of people with fibromyalgia (FM).
For example, a survey of 94 patients found
prevalent reporting of modulation of aches and
pains by weather factors, especially among
young patients15; a study of 84 patients reported
that weather affected musculoskeletal symptoms, and that higher weather sensitivity is
associated with greater functional impairment
and psychological distress16; and an internet
survey of 2,596 patients reported the most
common aggravating factors for FM symptoms
were weather changes, emotional distress,
insomnia, and strenuous activity.17
Most recently, research using CTA
investigated the relationship between symptom
levels and 500 mb geopotential height anomaly
(GHA) measured in meters, for individuals with
FM.18,19 GHA is proportional to the mean
temperature of the air column extending from a
point on the Earth’s surface to approximately
18,000 feet: the 500 mb GHA is the amount
above or below mean height for that point and
time. GHA is more appropriate than barometric
pressure presently due to the broad geographic
expanse of the features GHA defines.18
Patient symptom ratings were obtained
using an intelligent digital diary20,21 on which
individuals rate (on a daily basis) their condition
across time on nine prevalent FM symptoms,
using 10-point Likert-type scales (1=no
symptom; 10=maximum possible symptom).13,19
In prior research, to analyze data using CTA the
symptom ratings were transformed into binary
indicators: when the person recorded a symptom
(e.g., anxiety) greater than median for their time
series, the record (i.e., day) was coded positive
for the symptom. All other records were coded
negative for the symptom. CTA was used to
predict whether the patient was positive or
negative for a given symptom on a given day
(class variable) on the basis of GHA (attribute),

"Good" (4) or
"Very Good" (5)

p < 0.0001

68.2% Dissatisfied
(95% CI: 60.0-76.2%)

98.9% Satisfied
(95% CI: 98.1-99.6%)

N = 176

N = 1,000

Figure 1: GO Model for Discrimination of
Extremely Satisfied and Dissatisfied Patients
Prior to the discovery of novometry the
use of UniODA was restricted to applications
involving a multicategorical class variable
having ten or fewer categories6, and the use of
CTA was restricted to applications involving a
binary class variable9 (a complex heuristic
hierarchical method known as “reverse CTA”
was developed to model an ordered class
variable using one or more binary attributes14).
The discovery of novometry has eliminated all
restrictions on the metric underlying the class
variable, which may be multicategorical (with
any number of categories) or ordered for both
UniODA and CTA.4 The second study illustrates
novometric analysis for an application involving
an ordered class variable and multiple ordered
attributes (an optimal analogue to nonlinear
multiple regression analysis).
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using weights to reflect increasing deviation
from the median value.9,18,22
The present demonstration of novometry
involves an application involving a continuous
class variable (GHA) and multiple ordinal
attributes (10-point Likert-type FM symptom
ratings), obtained for an individual with FM in
prior research.18 Analysis began and concluded
with the SDA procedure, which identified the
errorless (ESS=100) GO CTA model which is
presented in Figure 2.

as the independent measure, and symptoms as
the multiple dependent measures.23 When using
all nine symptoms the model yielded R2=0.34,
and when only the statistically significant
symptoms were included the model yielded
R2=0.23: both of these values for explained
variation correspond to extremely poor
classification performance.24 Note that while the
regression model may be used to predict GHA
as a function of the symptoms, the GO CTA
model may be used to identify the symptoms
which are related to GHA level. That is,
regression analysis assesses how symptoms
predict atmospheric pressure, whereas CTA
assesses how atmospheric pressure predicts
symptoms.14

Stiffness
Weak to
None

Moderate
or Worse
p < 0.0001
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What Influences Patients to Recommend
an Emergency Department to Others?
Paul R. Yarnold, Ph.D.
Optimal Data Analysis, LLC

Recent research1 reported that an Emergency Department (ED)
patient’s ratings of how well the physician explained one’s illness or
injury is the best discriminator of extreme satisfaction versus extreme
dissatisfaction ratings regarding care received in the ED. The present
study uses novometric analysis1,2 to discriminate 1,012 ED patients
who are highly likely, versus 182 who are highly unlikely, to
recommend the ED to others. Although ratings of satisfaction and
likelihood to recommend are nearly perfectly related, novometry
reveals that the best discriminator of ratings of extreme likelihood to
recommend versus not to recommend the ED to others is waiting time
in the treatment area before being seen by one’s physician.

This study examines the relationship
between satisfaction and the likelihood of
recommending the ED to others, and determines
whether the same aspect of care underlies
ratings of both satisfaction and likelihood of
recommendation.
The study was set in an 800 bed urban
university-based level 1 Trauma center with an
annual census of 48,000 patients.1 Patients were
mailed a survey assessing their satisfaction with
care received in the ED one week after being
discharged. The survey elicited ratings of overall satisfaction, the likelihood of recommending
the ED to others, and satisfaction with various
aspects of administration, nurse, physician,
laboratory, and care of family/friends. A total of
2,109 surveys with completed recommendation
ratings were returned over a six-month period
(17% return rate). Survey items were completed
using five-point Likert-type scales: scores of 1

(very poor, N=182) and 2 (poor, N=92) indicate
unlikely to recommend; scores of 3 (fair, N=
239) indicate ambivalence; and scores of 4
(good, N=584) and 5 (very good, N=1,012)
reflect likely to recommend.
The relationship between overall patient
satisfaction and likelihood of recommending the
ED to others was assessed by UniODA.3,4
Results revealed that these ratings were nearly
perfectly related: ESS = 98.1. This finding
suggests it is possible that the same aspect of
care received may be the best discriminator of
extreme ratings of satisfaction and of the
likelihood of recommending the ED to others.
Novometric analysis unfolded by
selecting attributes (survey items) for analysis
using structural decomposition analysis (SDA);
conducting unrestricted enumerated CTA5 with
selected attributes; applying the minimum
denominator search algorithm (MDSA) to
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obtain the descendant family of CTA models
within which the globally-optimal (GO) model
resides; and computing exact discrete 95%
confidence intervals (CIs) for both model and
chance classification performance.1,2
Analysis included 1,194 patients with
extreme recommendation ratings of 1 or 5. SDA
identified three attributes for inclusion in CTA:
ratings of time in the treatment area waiting to
see the doctor; the degree to which the doctor
took one’s problem seriously; and waiting time
in the lobby before going to the treatment area.
MDSA identified a descendant family of six
unique CTA models (Table 1). Models 1 and 3
used all three ratings; model 2 used lobby
waiting time and doctor problem-solving
ratings; models 4 and 5 used treatment waiting
time and doctor problem-solving ratings; and
model 6 used treatment waiting time rating.
Comparison of 95% CIs for model and
error performance indicates all six CTA models
achieved statistically reliable classification.
Comparison of model 95% CIs reveals
that ESS yielded by model 6 was significantly
lower (indicating lower accuracy) than the ESS
achieved by model 1, but was comparable to the
ESS achieved by models 2-5.
Comparison of model 95% CIs also
reveals the that efficiency obtained by model 6
was significantly greater (indicating greater
parsimony) than was achieved by all other
models; efficiency for models 5 and 6 was
significantly greater than for models 1-4; and
models 1-4 had comparable efficiency. Note
that the minimum strata sample sizes for model
1, and to a lesser extent for models 2 and 3,
provide substantially lower statistical power6
than models 3-6, requiring the use of a larger
hold-out sample for an attempted replication.
A theoretically ideal CTA model2 would
correctly classify all the data (ESS=100) using a
minimum number of strata. If perfect accuracy
was obtained by a 2-strata model the efficiency
would be 50: the efficiency of model 6 is 73.6%
of theoretical ideal. If perfect accuracy was

achieved by a 3-strata model the efficiency
would be 33.3: efficiency of model 5 is 75.7%
of theoretical ideal. In summary, models 5 and 6
achieve comparable accuracy (ESS); model 6 is
significantly more parsimonious than model 5;
and the models are comparably close to a
theoretically ideal model.
Table 1: Summary of MDSA Procedure for
Discriminating Patients who are Extremely
Likely versus Unlikely to Recommend
the ED to Others
----------------------------------------------------------------------

Step

Strata

MinD

ESS

Efficiency

----------------------------------------------------------------------

1

7

7

87.8
81.8-93.2
0.22-5.80

12.5
11.7-13.3
0.03-0.83

2

6

24

85.6
79.3-91.1
0.25-6.57

14.3
13.2-15.2
0.04-1.10

3

5

32

81.2
75.4-86.4
0.24-6.96

16.2
15.1-17.3
0.05-1.39

4

5

62

80.9
75.6-85.6
0.11-7.23

16.2
15.1-17.1
0.02-1.45

5

3

109

75.6
71.3-79.5
0.33-7.66

25.2
23.8-26.5
0.11-2.55

6

2

274

73.6
66.7-80.0
0.18-7.11

36.8
33.4-40.0
0.09-2.37

---------------------------------------------------------------------Note: There were six steps in this MDSA. Strata is the
number of partitions identified by the CTA model. MinD
is the smallest number of observations (patients) in any of
the strata (i.e., the smallest model endpoint N). ESS is a
normed index of classification accuracy on which 0
represents the level of accuracy expected by chance and
100 represents perfect (errorless) classification. By ruleof-thumb: ESS<25 is a relatively weak effect; ESS<50 is
a moderate effect; ESS<75 is a relatively strong effect;
and ESS>75 is a very strong effect.3 Efficiency, an index
of parsimony, is ESS/number of strata. Under the ESS
and Efficiency point estimates, the first row is the exact
discrete 95% CI for the model, and the second row is the
corresponding 95% CI for chance.
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Figure 1 presents the elemental twostrata UniODA model 6. As seen, in order to
increase the number of patients likely to
recommend the ED to others, and to reduce the
number of patients unlikely to recommend the
ED, the model indicates that ED staff should
focus on maximizing the number of patients
who rate their waiting time in the treatment area
as being either “good” or “very good”, and
minimizing the number of patients who rate
their waiting time in the treatment area as being
“Fair” or worse.

Waiting Time in
Treatment Area
"Fair" or Worse

"Good" or Better
(4, 5)

(1-3)
p < 0.0001

53.5% Unlikely to
Recommend
[95% CI: 46.460.5%]

Doctor Took
Patient's Problem
Seriously

N = 273
"Good" or
Worse (1-4)

Waiting Time in
Treatment Area
"Fair" (3), "Poor" (2)
or "Very Poor" (1)

p < 0.0001

83.5% Likely to
Recommend
[95% CI: 74.691.5%]

"Good" (4) or
"Very Good" (5)

"Very Good"
(5)

99.5% Likely to
Recommend
[95% CI: 98.8100%]

p < 0.0001
N = 109

53.5% Unlikely to
Recommend
[95% CI: 46.4-60.4%]

97.4% Likely to
Recommend
[95% CI: 96.1%-98.6%]

N = 273

N = 888

N = 775

Figure 2: Three-Strata Model for Discriminating
Patients Who Are Extremely Likely versus
Unlikely to Recommend the ED to Others
Operational selection of the GO model
hinges on whether an effective intervention for
affecting patient perception of doctor problemsolving orientation is feasible, and the cost- and
time-efficiency of the intervention. However, if
the most parsimonious and efficient intervention
is desired, then the two-strata model should be
selected as the GO model for affecting the
likelihood of patient ED recommendations.

Figure 1: Two-Strata Model for Discriminating
Patients Who Are Extremely Likely versus
Unlikely to Recommend the ED to Others
Figure 2 presents the three-strata CTA
model 5. As seen, in order to increase the
number of patients likely to recommend the ED
to others, and to reduce the number of patients
unlikely to recommend the ED, the model
indicates that ED staff should focus on
maximizing the number of patients who rate
their waiting time in the treatment area as being
either “good” or “very good”, and who rate the
doctor’s problem-solving orientation as being
“Very Good”. Note that the left-most endpoint
of models 5 and 6 are identical (four patients
omitted ratings of problem-solving orientation).
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Increasing the Likelihood of an
Ambivalent Patient Recommending the
Emergency Department to Others
Paul R. Yarnold, Ph.D.
Optimal Data Analysis, LLC

Novometric analysis1-3 is used to discriminate 239 ambivalent versus
584 discharged patients who are likely to recommend the Emergency
Department (ED) to others. Findings reveal the critical factors are
physician explanation of tests and treatment, and attention paid to the
patient by the nurse.

This study identifies factors which may
increase the likelihood of an ambivalent ED
patient recommending the ED to others.
The study was set in an urban 800 bed
university-based level 1 Trauma center with
annual census of 48,000 patients.2 Patients were
mailed a survey assessing their satisfaction with
care received in the ED one week after being
discharged. The survey elicited ratings of the
likelihood of recommending the ED to others,
and satisfaction with aspects of administration,
nurse, physician, laboratory, and care of family/
friends. A total of 2,109 surveys with completed
recommendation ratings were returned over a
six-month period (17% return rate). Survey
items were completed using five-point Likerttype scales: scores of 1 (very poor, N=182) and
2 (poor, N=92) indicate unlikely to recommend;
scores of 3 (fair, N=239) indicate ambivalence;
and scores of 4 (good, N=584) and 5 (very
good, N=1,012) reflect likely to recommend.
Analysis included a total of 823 patients
responding with recommendation ratings of 3 or
4. Structural decomposition analysis1 identified

three attributes for inclusion in CTA: ratings of
physician explanation of the patient’s illness/
injury; physician explanation of the patient’s
tests and treatment; and amount of attention
nurses paid to the patient. The minimum
denominator search algorithm1 identified a
descendant family of six unique CTA4 models
within which the globally optimal1 (GO) model
resides, and exact discrete 95% confidence
intervals1 (CIs) were computed for model and
chance classification performance. Models 1
and 3 used all three ratings; models 2, 4 and 5
used ratings of nurse attention and doctor
explanation of test/treatment; and model 6 used
only ratings of nurse attention (see Table 1).
Comparison of 95% CIs for model and
error performance indicates all six CTA models
achieved statistically reliable classification.
Comparison of model 95% CIs reveals
the ESS (accuracy) was statistically comparable
across all six models. Comparison of model
95% CIs also reveals the efficiency (parsimony)
obtained by model 6 was significantly greater
than was achieved by models 1-4, and efficiency
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obtained by model 5 was significantly greater
than was achieved by models 1 and 3.

would be 50: the efficiency of model 6 is 35.2%
of theoretical ideal. If perfect accuracy was
achieved by a 3-strata model the efficiency
would be 33.3: efficiency of model 5 is 38.4%
of theoretical ideal. In summary, models 5 and 6
are comparably accurate, more parsimonious
than other models, and comparably distant from
a theoretically ideal model.
Figure 1 presents the elemental twostrata UniODA5,6 model 6. As seen, in order to
increase the number of patients likely to
recommend the ED to others, and to reduce the
number of ambivalent patients, the model
indicates nurses should maximize the number of
patients rating nurse attention as being either
“good” or “very good”, and minimize the
number of patients rating nurse attention as
being “Fair” or worse.

Table 1: Summary of MDSA Procedure for
Discriminating Patients who are Ambivalent
versus Likely to Recommend the ED to Others
----------------------------------------------------------------------

Step

Strata

MinD

ESS

Efficiency

----------------------------------------------------------------------

1

7

20

44.5
35.8-53.0
0.31-7.49

6.36
5.11-7.58
0.04-1.07

2

5

24

42.4
33.8-50.7
0.16-7.29

8.47
6.77-10.1
0.03-1.46

3

5

34

40.5
31.9-49.0
0.07-7.40

8.11
6.39-9.80
0.01-1.48

4

4

49

39.9
31.3-48.4
0.22-7.66

9.98
7.83-12.1
0.06-1.92

5

3

161

38.3
29.7-46.6
0.20-7.65

12.8
9.91-15.5
0.07-2.55

35.1
26.4-43.8
0.29-7.31

17.6
13.2-21.9
0.14-3.66

6

2

243

Amount of
Attention Nurse
Paid to Patient
"Good" (4) or
"Very Good" (5)

"Fair" (3), "Poor" (2),
or "Very Poor" (1)
p < 0.0001

---------------------------------------------------------------------Note: There were six steps in this MDSA. Strata is the
number of partitions identified by the CTA model. MinD
is the smallest number of observations (patients) in any of
the strata (i.e., the smallest model endpoint N). ESS is a
normed index of classification accuracy on which 0
represents the level of accuracy expected by chance and
100 represents perfect (errorless) classification. By ruleof-thumb: ESS<25 is a relatively weak effect; ESS<50 is
a moderate effect; ESS<75 is a relatively strong effect;
and ESS>75 is a very strong effect.5 Efficiency, an index
of parsimony, is ESS/number of strata. Under the ESS
and Efficiency point estimates, the first row is the exact
discrete 95% CI for the model, and the second row is the
corresponding 95% CI for chance.

52.1% Ambivalent
(95% CI: 44.6-59.5%)

81.5% Likely
(95% CI: 77.5-85.3%)

N = 242

N = 524

Figure 1: Two-Strata Model for Discriminating
Patients Who Are Ambivalent versus Likely
to Recommend the ED to Others
Figure 2 presents the three-strata CTA
model 5. As seen, in order to increase the
number of patients likely to recommend the ED
to others, and reduce the number of ambivalent
patients, the model indicates physicians should
focus on maximizing the number of patients
rating the explanation of tests and treatment as
being “good” or “very good”, and nurses should
maximize the number of patients similarly
rating nurse attention.

A theoretically ideal CTA model1 would
correctly classify all the data (ESS=100) using a
minimum number of strata. If perfect accuracy
was obtained by a 2-strata model the efficiency
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Operationally the three-strata model
suggests a strategy which is more complex than
is indicated by the two-strata model, and even if
it’s implementation was successful then there
would be only a slight increase in the percentage
of a smaller subset of patients who would be
more likely to recommend the ED to others. If
the root intervention is unsuccessful—that is,
doctors fail to provide good or very good
explanations, there is the possibility that more
patients would become ambivalent as a
consequence of the failed intervention.
Nevertheless, the idea of good explanations is
conceptually consistent with recent research
indicating that good or very good physician
explanation of illness/injury is an important
factor in elicitation of patient recommendations
of the ED to others.3
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What Most Dissatisfies Emergency
Department Patients?
Paul R. Yarnold, Ph.D.
Optimal Data Analysis, LLC

Novometric analysis1,2 is used to determine aspects of care which
induce greatest dissatisfaction among Emergency Department (ED)
patients. Data were obtained from a satisfaction survey on which
responses were obtained using five-point Likert-type scales. The first
analysis discriminated 131 strongly dissatisfied and 114 moderately
dissatisfied patients, and the second analysis discriminated 182
patients who were very unlikely and 92 patients who were moderately
unlikely to recommend the ED to others. Maximum dissatisfaction
was associated with perceived inadequacy of physician explanation of
one’s illness or injury, and minimum likelihood of recommending the
ED to others was associated with extreme dissatisfaction with time
spent in the treatment area waiting to see the physician.

This study identifies aspects of medical
care which maximize overall dissatisfaction of
ED patients, and which minimize the likelihood
of a patient recommending the ED to others.
Patients seen in an urban 800 bed universitybased level 1 Trauma center were mailed a
survey assessing their satisfaction with care
received one week after discharge.2 The survey
elicited ratings of overall satisfaction with care
received, likelihood of recommending the ED to
others, and satisfaction with various aspects of
administration, nurse, physician, laboratory, and
care of family and friends.

five-point Likert-type response scale. Analysis
included a total of 245 patients responding with
satisfaction ratings of 1 (very poor, N=131) or 2
(poor, N=114).
Structural decomposition analysis1
(SDA) identified two attributes for inclusion in
CTA3: ratings of physician explanation of the
patient’s illness/injury, and time spent waiting
in the treatment area before being seen by the
physician. The minimum denominator search
algorithm (MDSA) identified a descendant
family of three unique models within which the
globally optimal (GO) model resides.1,2 Exact
discrete 95% confidence intervals (CIs) were
computed for both model and chance.1 Model 1
used both ratings; model 2 used rating of
physician explanation; and model 3 used rating
of waiting time (Table 1).

Maximum Dissatisfaction
A total of 2,198 surveys with a rating of
overall satisfaction were returned over a sixmonth period. The survey is completed using a
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Table 1: Summary of MDSA Procedure for
Discriminating Patients who are Very
versus Moderately Dissatisfied

Figure 1 presents the elemental twostrata UniODA4,5 model 2. As seen, in order to
increase the number of patients likely to be
moderately dissatisfied, and to reduce the
number of very dissatisfied patients, physicians
should maximize the number of patients rating
the explanation of the patient’s illness/injury as
being “Fair” or better, and minimize the number
of patients rating the explanation as being
“Poor” or “Very Poor”.

----------------------------------------------------------------------

Step

Strata

MinD

ESS

Efficiency

----------------------------------------------------------------------

1

4

40

42.6
27.9-57.1
0.38-13.3

10.6
6.98-13.5
0.10-3.32

2

2

100

41.5
26.5-55.9
0.25-13.6

20.8
13.3-28.0
0.12-6.80

3

2

110

30.3
15.4-44.8
0.56-12.8

15.1
7.71-22.4
0.28-12.8

Physician
Explanation of
Illness/Injury

---------------------------------------------------------------------Note: There were three steps in this MDSA. Strata is the
number of partitions identified by the CTA model. MinD
is the smallest number of observations (patients) in any of
the strata (i.e., the smallest model endpoint N). ESS is a
normed index of classification accuracy on which 0
represents the level of accuracy expected by chance and
100 represents perfect (errorless) classification. By ruleof-thumb: ESS<25 is a relatively weak effect; ESS<50 is
a moderate effect; ESS<75 is a relatively strong effect;
and ESS>75 is a very strong effect.4 Efficiency, an index
of parsimony, is ESS/number of strata. Under the ESS
and Efficiency point estimates, the first row is the exact
discrete 95% CI for the model, and the second row is the
corresponding 95% CI for chance.

"Very Poor"
or "Poor"
(1-2)

67.6% Very
Dissatisfied
[95% CI: 57.177.8%]
N = 111

Comparison of 95% CIs for model and
error performance indicates all three models
achieved statistically reliable classification.
Comparison of model 95% CIs reveals the ESS
(accuracy) and Efficiency (parsimony) was
statistically comparable across all three models.
For model 1 the ESS CIs for two pairs of two
model endpoints overlapped indicating
redundancy. For models 2 and 3 there was no
redundancy. A theoretically ideal model1 would
correctly classify all the data using a minimum
number of strata. If perfect accuracy was
obtained by a 2-strata model the efficiency
would be 50: the efficiency of model 2 is 41.6%
of theoretical ideal, and of model 3 is 30.2% of
theoretical ideal. Model 2 is thus selected as the
GO model for this analysis.

"Fair" or
Better
(3-5)
p < 0.0001

26.0% Very
Dissatisfied
[95% CI: 16.036.6%]
N = 100

Figure 1: Two-Strata Model for Discriminating
Patients Who Are Strongly versus
Moderately Dissatisfied
This finding is consistent with recent
research which determined that the identical
attribute is the GO discriminator between
patients who are extremely dissatisfied versus
extremely satisfied.2
Minimum Recommendation Likelihood
A total of 2,109 surveys with a rating of
likelihood of recommending the ED to others
were returned over a six-month period. Analysis
included a total of 274 patients responding with
satisfaction ratings of 4 (moderately unlikely to
recommend ED to others, N=92) or 5 (very
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unlikely, N=182). SDA identified two attributes
for inclusion in CTA: ratings of waiting time in
the treatment area before being seen by the
physician, and waiting time before being
brought to the treatment area. MDSA identified
a descendant family of four unique models, and
exact discrete 95% CIs were computed for
model and chance classification performance.
Model 1 used both ratings; models 2 and 4 used
rating of lobby waiting time; and model 3 used
rating of treatment waiting time (see Table 2).

as the GO model for this analysis: the efficiency
of model 3 is 30.6% of theoretically ideal.
Figure 2 presents the elemental twostrata UniODA model 3. As seen, in order to
increase the number of patients moderately
unlikely to recommend the ED to others, and to
reduce the number of patients strongly unlikely
to recommend the ED, the model indicates staff
should maximize the number of patients rating
waiting time in the treatment area as being
either “Poor” or better, and minimize the
number of patients rating waiting time in the
treatment area as being “Very Poor”.

Table 2: Summary of MDSA Procedure for
Discriminating Patients who are Very versus
Moderately Unlikely to Recommend the ED
----------------------------------------------------------------------

Step

Strata

MinD

ESS

Efficiency

Waiting Time in
Treatment Area

----------------------------------------------------------------------

1

4

33

36.0
21.0-50.6
0.07-13.3

8.99
5.24-12.6
0.02-3.32

2

3

42

32.9
18.1-47.6
0.24-12.7

11.0
6.04-15.9
0.08-4.23

3

2

115

30.6
16.7-44.3
0.07-12.0

15.3
8.34-22.2
0.04-6.00

4

2

117

27.1
11.7-41.9
0.59-13.5

13.5
5.86-20.9
0.30-6.75

"Poor" or Better
(2-5)

"Very Poor"
(1)
p < 0.0001

80.9% Very Unlikely
[95% CI: 72.089.1%]

N = 115

---------------------------------------------------------------------Note: See Note to Table 1. There were four steps in this
MDSA.

52.8% Very Unlikely
[95% CI: 43.162.5%]

N = 144

Figure 2: Two-Strata Model for Discriminating
Patients Who Are Very versus Moderately
Unlikely to Recommend the ED to Others

Comparison of 95% CIs for model and
error performance indicates models 1-3 yielded
statistically reliable classification, but for model
4 the model and chance CIs overlapped.
Comparison of model 95% CIs reveals that ESS
(accuracy) and Efficiency (parsimony) was
statistically comparable across all four models.
For model 1 the ESS CIs for two pairs of two
model endpoints overlapped indicating
redundancy. For model 2 the ESS CIs for two
endpoints overlapped and were redundant. By
the process of elimination, model 3 is selected

This finding is consistent with recent
research which determined that the identical
attribute is the primary GO discriminator
between patients who are extremely unlikely
versus extremely likely to recommend the ED to
others.6
Conducting an analysis using the
ordered 5-category class variable for satisfaction
or for likelihood of recommending the ED to
others is complicated by the large number of
missing values for aspects of care received.
Future research in this area should thus shorten
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the survey by selecting a subset of attributes to
employ in the survey, thereby reducing the
patient workload and reducing the number of
missing data.7
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Illustrating How 95% Confidence
Intervals Indicate Model Redundancy
Paul R. Yarnold, Ph.D.
Optimal Data Analysis, LLC

In novometric analysis1-2 exact 95% confidence intervals (CIs) are
computed for overall model performance and for model endpoints.
When CIs overlap for two or more endpoints a model is said to be
redundant, meaning that the domain of the outcome cannot be
distinguished between overlapping endpoints. This research note
provides an illustration of model redundancy.

For models found within a descendant
family identified by the minimum denominator
selection algorithm1-2 it is not uncommon for
95% CIs of two or more model endpoints3,4 to
overlap.5-7 When such redundancy occurs the
overlapping endpoints fail to provide unique
estimates of the outcome (class) variable
prevalence: that is, the difference between the
endpoints is not statistically reliable.
This note illustrates such redundancy for
an example involving research investigating inhospital mortality for a sample of 1,660 patients
hospitalized with HIV-associated Pneumocystis
cariini pneumonia.8 The final (UniODA4) and
next-to-final (CTA3) models in the descendant
family are compared. Both models included a
continuous measure of severity-of-illness, and
the CTA model included a binary indicator of
whether the observation had sudden weight loss.
As seen for the CTA model (Figure 1),
counting from the left, the 95% CI of the first
and second, second and third, and third and
fourth endpoints overlapped. The difference in
mortality point estimates for the first and
second, second and third, and third and fourth

endpoints are thus not statistically reliable. This
indicates redundancy across the model domain.

Sudden Weight
Loss
No

Severity of
Illness Score

< 79

< 94

2.7% Mortality
[95% CI: 1.44.2%]

7.5% Mortality
[95% CI: 3.212.5%]

N=784

N=173

Yes

24.4% Mortality
[95% CI: 18.730.3%]
N=295

> 94
16.7% Mortality
[95% CI: 9.923.9%]
N=156

Figure 1: Redundant CTA Model
96

Optimal Data Analysis
Vol. 3 (August 31, 2014), 96-97

Copyright 2014 by Optimal Data Analysis, LLC
2155-0182/10/$3.00

5

Yarnold PR (2014). What influences patients to
recommend an Emergency Department to
others? Optimal Data Analysis, 3, 85-88.

In contrast, 95% CIs for the endpoints of
the UniODA model (Figure 2) didn’t overlap,
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difference between the point estimates is
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> 80.5

< 80.5

2.9% Mortality
[95% CI: 1.64.3%]

19.5% CI
[95% CI: 15.723.6%]

N = 857

N = 548
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Figure 2: Non-redundant UniODA Model
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What Most Satisfies Emergency
Department Patients?
Paul R. Yarnold, Ph.D.
Optimal Data Analysis, LLC

Novometric analysis1,2 is used to determine aspects of care which
induce greatest satisfaction among Emergency Department (ED)
patients. Data were obtained from a satisfaction survey with responses
obtained using five-point Likert-type scales. The first analysis
discriminated 1,045 strongly satisfied and 671 moderately satisfied
patients, and the second analysis discriminated 1,012 patients very
likely and 584 patients moderately likely to recommend the ED to
others. Maximum satisfaction was associated with amount of attention
nurses paid to patients, and maximum likelihood of recommending
the ED was associated with physician concern for patient comfort.

This study identifies phenomena which
maximize overall satisfaction of ED patients,
and which maximize the likelihood of an ED
patient recommending the ED to others. Set in
an urban 800 bed university-based level 1
Trauma center, discharged patients were mailed
a survey assessing their satisfaction with care
received in the ED one week after discharge.2
The survey elicited ratings of overall
satisfaction with care received, likelihood of
recommending the ED, and satisfaction with
aspects of administration, nurse, physician,
laboratory, and care of family/friends.

(very good, N=1,045). Structural decomposition
analysis1 (SDA) identified three attributes for
inclusion in CTA: amount of attention nurses
paid to patient; nurse concern to keep patient
informed regarding treatment; and helpfulness
of triage nurse. The minimum denominator
search algorithm1 (MDSA) identified a descendant family of three unique CTA3 models within
which the globally optimal1 (GO) model resides,
and exact discrete 95% confidence intervals1
(CIs) were computed for model and chance
classification performance. Models 1 and 2 used
all three ratings, and model 3 used ratings of
nurse attention (see Table 1).
Comparison of 95% CIs for model and
error performance indicates all three models
achieved statistically reliable classification.
Comparison of model 95% CIs reveals
the ESS (accuracy) was statistically comparable
across all three models. Comparison of model
95% CIs also reveals the efficiency (parsimony)

Maximum Satisfaction
A total of 2,198 surveys (completed
using a five-point Likert-type response scale)
were returned over a six-month period. Analysis
included 1,716 patients responding with
satisfaction ratings of 4 (good, N=671) or 5
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moderately dissatisfied patients6, identified
physician explanation of patient illness/injury as
the critical attribute. However, the present
research suggests that the critical attribute in
discriminating very satisfied versus moderately
satisfied ED patients is the amount of attention
the nurse paid to the patient. Indeed, presently
SDA indicated that the three attributes which
are important in identifying the GO model for
the latter discrimination application all involve
nurse ratings.

obtained by model 3 was significantly greater
than was achieved by models 1 and 2 (which
had comparable efficiency). The efficiency of
model 3 is 56.4% of theoretical ideal.1
Table 1: Summary of MDSA Procedure for
Discriminating Patients who are Very
versus Moderately Satisfied
----------------------------------------------------------------------

Step

Strata

MinD

ESS

Efficiency

----------------------------------------------------------------------

1

6

36

58.9
53.9-63.8
0.16-5.31

9.81
8.98-10.6
0.03-0.88

2

5

37

57.8
52.8-62.5
0.28-5.10

11.6
10.6-12.5
0.06-1.02

56.4
51.5-61.1
0.21-5.03

28.2
25.8-30.6
0.11-2.52

3

2

769

Attention Nurse
Paid to Patient
Good or
Worse (1-4)

Very Good
(5)
p < 0.0001

---------------------------------------------------------------------Note: There were three steps in this MDSA. Strata is the
number of partitions identified by the CTA model. MinD
is the smallest number of observations (patients) in any of
the strata (i.e., the smallest model endpoint N). ESS is a
normed index of classification accuracy on which 0
represents the level of accuracy expected by chance and
100 represents perfect (errorless) classification. By ruleof-thumb: ESS<25 is a relatively weak effect; ESS<50 is
a moderate effect; ESS<75 is a relatively strong effect;
and ESS>75 is a very strong effect.4 Efficiency, an index
of parsimony, is ESS/number of strata. Under the ESS
and Efficiency point estimates, the first row is the exact
discrete 95% CI for the model, and the second row is the
corresponding 95% CI for chance.

32.6% Very
Satisfied
[95% CI: 28.836.6%]

86.5% Very
Satisfied
[95% CI: 83.789.2%]

N = 769

N = 831

Figure 1: Two-Strata Model for Discriminating
Patients who are Strongly versus Moderately
Satisfied with Care Received in the ED

Figure 1 presents the elemental GO twostrata UniODA4,5 model 3. As seen, to increase
the number of very satisfied patients, and reduce
the number of moderately satisfied patients, the
model indicates nurses should maximize the
number of patients rating nurse attention as
being “very good”, and minimize the number of
patients rating nurse attention as being “good”
or worse. Recent research discriminating very
satisfied versus very dissatisfied ED patients1,
and discriminating very dissatisfied versus

Considered as a whole this research
suggests that a combination of very good
physician explanation of patient illness/injury,
coupled with very good nurse attention paid to
patient, will minimize dissatisfaction and
maximize satisfaction.
Maximum Recommendation Likelihood
Analysis included 1,596 patients
responding with recommendation ratings of 4
(good, N=584) or 5 (very good, N=1,012). SDA
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identified three attributes for inclusion in CTA:
physician concern for patient comfort during
treatment; physician explanation of tests and
treatment; and physician explanation of patient
illness/injury. The MDSA identified a descendant family of four unique CTA models within
which the GO model resides, and exact discrete
95% CIs were computed for model and chance
classification performance. Model 1 used ratings
of physician concern for patient comfort and
explanation of test/treatment; model 2 used
ratings of physician concern for patient comfort
and explanation of illness/injury; model 3 used
ratings of physician concern for patient comfort;
and model 4 used ratings of physician
explanation of illness/injury (see Table 2).
Comparison of 95% CIs for model and
error performance indicates all four models
achieved statistically reliable classification.

95% CIs also reveals the efficiency (parsimony)
obtained by models 3 and 4 was significantly
greater than was achieved by models 1 and 2.
The efficiency of the GO model 3 is 48.4% of
theoretical ideal, and the efficiency of model 4
is 44.8% of theoretical ideal. Figure 2 presents
the two-strata elemental UniODA model 3.

Physician
Concern for
Patient Comfort
Good or
Worse (1-4)
p < 0.0001

Table 2: Summary of MDSA Procedure for
Discriminating Patients who are Very versus
Moderately Likely to Recommend the ED
----------------------------------------------------------------------

Step

Strata

MinD

ESS

Efficiency

4

106

48.6
43.1-54.0
0.05-5.02

12.2
10.8-13.5
0.01-1.26

2

4

115

48.6
43.1-54.0
0.05-4.94

12.2
6.77-10.1
0.01-1.24

3

2

587

48.3
43.0-53.7
0.01-4.90

24.2
21.5-26.8
0.01-2.45

4

2

624

44.9
39.3-50.4
0.03-5.01

22.4
19.6-25.2
0.02-2.51

32.1% Very
Likely
[95% CI: 28.637.6%]

81.2% Very
Likely
[95% CI: 78.384.0%]

N = 587

N = 999

Figure 2: Two-Strata Model for Discriminating
Patients Who Are Very versus Moderately
Likely to Recommend the ED to Others

----------------------------------------------------------------------

1

Very Good
(5)

As seen, in order to increase the number
of patients who are very likely to recommend
the ED to others, and to decrease the number of
patients who are moderately likely to
recommend the ED, the model indicates that
physicians should focus on maximizing the
number of patients rating physician concern for
patient comfort during treatment as being “very
good”, and minimize the number of patients
rating physician concern for patient comfort
during treatment as being “good” or worse.
Considered as a whole the research on
patient recommendations of the ED to others
suggests that a combination of very good ratings
of waiting time in the treatment area7 coupled
with very good physician concern for patient
comfort during treatment, will maximize the

---------------------------------------------------------------------Note: There were four steps in this MDSA. See Note to
Table 1.

Comparison of model 95% CIs reveals
the ESS (accuracy) was statistically comparable
across all four models. Comparison of model
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number of patients who are very likely to
recommend the ED to others.
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Triage Algorithm for Chest Radiography
for Community-Acquired Pneumonia
of Emergency Department Patients:
Missing Data Cripples Research
Paul R. Yarnold, Ph.D.
Optimal Data Analysis, LLC

Novometric analysis1,2 is used to develop a triage algorithm for rapid
ordering of chest radiography for community-acquired pneumonia
(CAP), for a retrospective Emergency Department-based matched
case-control study3 providing data on attributes assessed for 100
radiographic confirmed cases of both CAP and influenza-like illness
(ILI). Results for the least complex model revealed intake temperature
exceeding 99.25°F was 73.9% sensitive [exact discrete 95%
confidence interval (CI): 62.5-84.4%] and 67.9% specific (95% CI:
57.1-78.3%). Analysis was compromised by missing data so
novometry was conducted omitting structural decomposition analysis
in order to evaluate underlying potential of the attributes. Findings
illustrate how missing data limit the fruitfulness of empirical research.

The initial analysis performed on these
data3 by automated classification tree analysis4,5
(CTA) occurred prior to the development of
novometric theory.1,2 Accordingly, data for 100
Emergency Department (ED) patients with
confirmed CAP and 100 with confirmed ILI
were reanalyzed using current methods.1,2
Structural decomposition analysis1 (SDA)
identified two attributes for inclusion in CTA: a
continuous measure of temperature (°F ), and a
binary indicator of dyspnea. The minimum
denominator search algorithm1 (MDSA)
identified a descendant family of two unique
CTA models within which the globally optimal1

(GO) model resides, and exact discrete 95%
confidence intervals1 (CIs) were computed for
model and chance classification performance.
Model 1 used both ratings, and model 2 used
only patient intake temperature (Table 1). As
seen, comparison of 95% CIs for model and
error performance indicates both models
achieved statistically reliable classification.
And, comparison of model 95% CIs reveals the
ESS (accuracy) and Efficiency (parsimony)
were statistically comparable across both
models. The efficiency of model 1 is 46.8% of
theoretical ideal, and the efficiency of model 2
is 41.4% of theoretical ideal.1
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Table 1: Summary of MDSA Procedure for
Discriminating CAP and ILI Patients

Dyspnea

----------------------------------------------------------------------

Step

Strata

MinD

ESS

Yes

No

Efficiency

p < 0.012

----------------------------------------------------------------------

1

2

4

2

37

88

46.9
30.9-62.4
0.82-15.4

11.7
7.72-15.6
0.21-3.84

41.4
26.0-56.5
0.19-14.2

20.7
13.0-28.2
0.10-7.12

Temperature
(Degrees
Fahrenheit)

Temperature
(Degrees
Fahrenheit)

< 99.25

> 99.25

< 99.3

> 99.3
p < 0.012

p < 0.012

82.2% ILI
[95% CI: 68.295.2%]

75.7% CAP
[95% CI: 58.391.7%]

52.2% ILI
[95% CI: 34.869.6%]

84.2% CAP
[95% CI: 69.296.0%]

---------------------------------------------------------------------Note: There were two steps in this MDSA. Strata is the
number of partitions identified by the CTA model. MinD
is the smallest number of observations (patients) in any of
the strata (i.e., the smallest model endpoint N). ESS is a
normed index of classification accuracy on which 0
represents the level of accuracy expected by chance and
100 represents perfect (errorless) classification. By ruleof-thumb: ESS<25 is a relatively weak effect; ESS<50 is
a moderate effect; ESS<75 is a relatively strong effect;
and ESS>75 is a very strong effect.6 Efficiency, an index
of parsimony, is ESS/number of strata. Under the ESS
and Efficiency point estimates, the first row is the exact
discrete 95% CI for the model, and the second row is the
corresponding 95% CI for chance.

As seen, the two ILI model endpoints are
redundant8 in the four-strata model, as are the
two CAP model endpoints. Therefore, the twostrata model (Figure 1) is selected as the GO
model for this application. Figure 3 presents the
corresponding triage screening algorithm for
ordering chest radiography for CAP in the ED.

Figure 1 presents the elemental twostrata UniODA6,7 model 2, and Figure 2 shows
the more complex four-strata CTA4,5 model 1.

Patients with respiratory
complaints, for example,
dysnpnea or cough

Less than
99.25

Intake
Temperare
(Degrees
Fahrenheit)

N = 45

N = 37

N = 46

N = 38

Figure 2: Four-Strata Model for Discriminating
CAP and ILI Patients

Temperature greater than
99.25 degrees Fahrenheit

99.25 or
Greater

p < 0.0001

Yes
67.9% ILI
[95% CI: 57.178.3%]
N = 106

73.9% CAP
[95% CI: 62.584.4%]

Order chest
radiography
from triage

N = 88

Figure 1: Two-Strata Model for Discriminating
CAP and ILI Patients

No

Do not order
chest radiography
from triage

Figure 3: Triage Screening Algorithm for
Ordering Chest Radiography for CAP in the ED
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Exploratory Novometry
In the prior analysis SDA was used to
identify attributes to analyze in MDSA. In SDA,
several attributes with greater ESS than the
attribute which was actually selected were
identified, which had substantially smaller N
than the selected attribute. These larger ESS and
smaller N attributes were omitted because they
drop-out of the solution as the MDSA minimum
denominator increases.1 Several attributes had a
moderate to strong value for ESS6, but they also
had very small N due to many missing values.
Exploratory novometric analysis was thus
performed by omitting SDA, in order to assess
whether a superior GO model might have been
identified had the missing data instead been
complete.1 Summarized in Table 2, a descendant
family of 14 unique CTA models was identified:
analysis terminated with the two-strata GO
model identified in initial confirmatory analysis.
Table 2: Summary of Exploratory MDSA for
Discriminating CAP and ILI Patients
----------------------------------------------------------------------

Step

Strata

MinD

ESS

Efficiency

8

2

95.0
80.0-100
0.83-20.0

11.9
10.0-12.5
0.10-2.50

2

6

6

89.4
74.3-100
0.00-19.2

14.9
12.4-16.7
0.00-3.20

3

5

7

81.1
64.2-94.1
0.00-19.2

16.2
12.8-18.8
0.00-3.84

4

4

9

72.4
45.6-94.1
1.89-29.7

18.1
11.4-23.5
0.47-7.42

5

6

11

77.6
64.6-88.9
0.88-17.5

12.9
10.8-14.8
0.15-2.92

6

4

18

69.3
53.8-83.3
1.65-19.2

17.3
13.4-20.8
0.41-4.80

4

19

63.9
47.9-78.4
1.57-18.8

16.0
12.0-19.6
0.39-4.70

8

4

21

57.7
40.8-73.7
0.28-17.8

14.4
10.2-18.4
0.07-4.46

9

4

21

56.7
35.3-75.0
1.67-22.8

14.2
8.82-18.8
0.42-5.70

10

3

30

54.0
43.1-54.0
0.30-20.6

12.2
14.4-18.0
0.10-6.87

11

4

35

50.9
35.1-66.3
0.27-14.7

12.7
8.78-16.6
0.07-3.68

12

4

42

50.7
35.0-65.6
1.02-14.7

12.7
8.75-16.4
0.26-3.68

13

3

45

43.8
28.3-58.8
0.75-14.3

14.6
9.44-19.6
0.25-4.77

14

2

88

41.4
26.0-56.5
0.19-14.2

20.7
13.0-28.2
0.10-7.12

---------------------------------------------------------------------Note: There were 14 steps in this MDSA. See Note to
Table 1.

----------------------------------------------------------------------

1

7

Models 1-5 violate the first axiom of
novometric theory1 because the minimum
denominator is too small to provide adequate
statistical power.9 Models 6-9 have sufficient
minimum denominators to justify two-strata
models, and thus all of these models are overdetermined (i.e., employ more strata than are
justified from a statistical power perspective).
Only models 13 and 14 have minimum
denominators sufficiently large to justify the
number of strata identified.9 Comparison of
model 95% CIs reveals the ESS (accuracy) of
models 1-3 and 5 was significantly greater than
for models 10, 13 and 14. And, comparison of
model 95% CIs also reveals the efficiency
(parsimony) of models 3, 6, 10 and 14 was
significantly greater than for model 1.
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Table 3 provides descriptive information
on all 13 exploratory models. For the four-strata
confirmatory model (Table 1) these data were
N=166; Attributes=2; CAP=66.7; ILI= 80.3;
and % Ideal=46.8. For the GO model, N=194.

Table 4: Attributes and Number of Missing
Values used by Exploratory Models
---------------------------------------------------------Attribute
Models
N Missing
---------------------------------------------------------WBC
1-10
105
Temperature
1-3, 5-9, 11-13
6
Pulse Oximetry 1,2,13
12
Dyspnea
1-3, 8, 11
29
Respiration Rate 1, 7
7
Sore Throat
4
122
Fever
4, 5, 12
20
Heart Rate
5, 11, 12
6
Wheezing
6, 10
1
----------------------------------------------------------

Table 3: Descriptive Information for
Exploratory Models
---------------------------------------------------------Model N Attributes CAP ILI % Ideal
---------------------------------------------------------1
92
5
100 95.0
95.2
2
92
4
94.4 95.0
89.4
3
92
3
95.0 86.1
81.0
4
49
3
84.8 87.5
72.4
5 133
4
82.9 94.7
77.4
6 111
3
75.0 94.3
69.2
7 123
3
72.4 91.5
64.0
8 138
3
75.9 81.8
57.6
9
95
2
66.2 90.5
56.8
10 111
2
54.0 100
36.6
11 167
3
75.6 75.3
50.8
12 178
3
72.5 78.2
50.8
13 186
2
79.0 64.8
43.8
----------------------------------------------------------

Note: WBC=White Blood Cell count. Fever=binary
indicator of whether temperature exceeded 100.4 degrees
Fahrenheit.
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Increasing the Validity and
Reproducibility of Scientific Findings
Paul R. Yarnold, Ph.D.
Optimal Data Analysis, LLC

Globally optimal statistical methods eliminate the greatest challenges
to the validity and reproducibility of findings in the literature.

attributes (“independent variables”) an optimal
(maximum-accuracy) LSM method called
MultiODA was created.12-13 An analogue to
logistic regression analysis, MultiODA requires
no assumptions and explicitly proves maximumaccuracy: it not only identifies more accurate
LSMs than parametric methods, it sometimes
identifies accurate LSMs in applications where
parametric models find nothing.14-15 Indeed, a
MultiODA model involving the use of unitweight beta coefficients is more accurate and
parsimonious than parametric models.16
Multicategorical attributes—categorical
variables with three or more possible response
levels—are inherently difficult for all LSMs.
Such attributes are rearranged using “reference
groups”.17 Type I error changes as a function of
reference group definition which determines the
constitution of the design matrix: as the number
of levels of a multicategorical variable increases
the design matrix can rapidly be overwhelmed.18
This is easily seen by reconstructing a problem
originally developed for logistic regression
analysis instead as a log-linear model.1-2 Use of
reference groups decreases parsimony of LSMs,
and imperfectly-specified reference groups can
reduce model accuracy.19-20 Arbitrary parsing of
ordered variables can influence both Type I
error and model accuracy in all methods.21

In my view ubiquitous use of linear statistical
models (LSMs) to aide in “understanding” of
sample data ranks among the greatest challenges
to the validity and reproducibility of empirical
findings reported in the literature.
By far, the most widely-reported LSMs
reflect parametric methods—which clearly are
the most challenged of all LSM formulations.
For parametric LSMs an omnipresent challenge
is the ability of sample data to comply with all
of the underlying assumptions. Violation of any
crucial assumption(s) underlying any method is
problematic because any and all such violation
undermines both internal and external validity
of findings obtained by the method. Extorting
the virtue of “robustness over violations” begs
the question of how “incorrect” can something
be, and still be considered “correct”.1-3
An inherent limitation of parametric
LSMs is inaccuracy: most models are only
capable of accurately predicting values close to
the sample mean or mode (for variance- and
maximum-likelihood function-based methods,
respectively). For example, weak accuracy is
obtained by correlation and multiple regression
analysis-based LSMs4-6 and by chi-square and
logistic regression analysis-based LSMs.7-11
To eradicate both issues for problems
involving a binary class variable and multiple
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6

The most important inherent challenge
for all LSMs is avoiding Simpson’s Paradox, a
phenomenon whereby pooling (combining) of
different groups (e.g., ethnic categories)
produces spurious confounding and useless
findings.22-24 Explicitly optimal (maximum
accuracy) classification tree analysis (CTA) was
created to eliminate all shortcomings of LSMs,
including paradoxical confounding.25-26 Initial
research using CTA reported strongest models
obtained in some areas of research.27-28 Most
recently, algorithms were discovered to identify
globally optimal models for a given sample.29-30
New statistical methods eliminate challenges to
validity and reproducibility of findings, and
offer promise of increasing the accuracy and
efficiency of programmatic research.
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Discrete 95% Confidence Intervals for
ODA Model- and Chance-Based
Classifications
Paul R. Yarnold, Ph.D. and Robert C. Soltysik, M.S.
Optimal Data Analysis, LLC

This article describes and illustrates discrete 95% confidence intervals
(CIs) which are computed in novometric analysis for both model- and
chance-based classification results.

quanta), rather than along a continuum.7 In QM
information is measured by von Neumann
entropy, a generalization of classical information theory (a mathematical model of
communication) applied to quantum phenomena.8 A widely employed unit of quantum
information is a binary system known as a qubit,
and the information content of a message is
measured in terms of the minimum number of
binary models (n qubits) required to store the
message. This is analogous to a bit in binary-log
classical information theory, where the mean
number of bits needed to store or communicate
one symbol in a message is called entropy.
In QM the Particle in a Box model of
energy held in a confined space is conceptually
analogous to the premise of sample strata in
novometry. According to this QM model the
energy of a particle in infinite space has
continuous solutions, but as constraints are
imposed, such as physical confinement, discrete
solutions occur which represent the only
possible solutions. For single confined particle
systems these solutions represent discrete
energy levels.

In the parametric general linear model
and maximum likelihood statistical paradigms,
95% CIs are conceptualized as continuous
random variables distributed in the manner
dictated by the assumed underlying parent
population.1,2 In contrast to this parametric
conceptualization of the nature of classical data,
the fundamental premise of both the optimal
(“maximum accuracy”) data analysis (ODA)
paradigm3,4 and novometric theory5,6 is that
classical phenomena are fundamentally discrete
in nature, and no reference is made concerning a
hypothetical underlying parent distribution.
After briefly discussing conceptual similarity
between central tenants of novometry and
quantum mechanics (QM), the discrete
constitution of CIs used in novometric analysis
is illustrated using an empirical example.
Novometry, QM, and Information Theory
It is important to understand conceptual
consistencies, and also to distinguish between
novometric theory and QM, a field of physics
that derives from the finding that some physical
phenomena change in discrete amounts (Latin:
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In novometric theory the size of the box
corresponds to the amount of data (N) in the
sample (the population corresponds to the
universe), and the discrete measurement levels
correspond to sample strata: patient strata for
classifying disease incidence; market segments
for classifying consumer preference; or storm
categories for classifying drilling platform
structural damage, for example.3-4 The set of all
possible solutions (which in novometry is called
the descendant family) for a given application
(sample) is identified in novometry using the
minimum denominator selection search
algorithm (MDSA).5,6 Also conceptually
reminiscent of information theory, novometry
involves the use of binary parses to create
sample strata, and the information content of a
model relating two variables (a class variable is
modeled using one or more attributes) is
measured in terms of the minimum number of
strata (model endpoints) required to achieve the
best combination of accuracy and parsimony in
the classification of the phenomenon.3-6

95% bound (highlighted in yellow) is rounded
as 56.5 (see also Table 1).
Table 1: Summary of MDSA Procedure for
Discriminating CAP and ILI Patients
----------------------------------------------------------------------

Step

Strata

MinD

ESS

Efficiency

----------------------------------------------------------------------

1

4

37

46.9
30.9-62.4
0.82-15.4

11.7
7.72-15.6
0.21-3.84

2

2

88

41.4
26.0-56.5
0.19-14.2

20.7
13.0-28.2
0.10-7.12

---------------------------------------------------------------------Note: There were two steps in this MDSA.9 Strata is the
number of partitions identified by the CTA model. MinD
is the smallest number of observations (patients) in any of
the strata (i.e., the smallest model endpoint N). ESS is a
normed index of classification accuracy on which 0
represents the level of accuracy expected by chance and
100 represents perfect (errorless) classification. By ruleof-thumb: ESS<25 is a relatively weak effect; ESS<50 is
a moderate effect; ESS<75 is a relatively strong effect;
and ESS>75 is a very strong effect.3 Efficiency, an index
of parsimony, is ESS/number of strata. Under the ESS
and Efficiency point estimates, the first row is the exact
discrete 95% CI for the model, and the second row is the
corresponding 95% CI for chance. Highlight is used to
indicate how tabled values were obtained: yellow for the
model effect (see also Table 2), and blue for the chance
effect (see also Table 3).

Discrete CIs in Novometry
Discrete 95% CIs in novometric analysis
for model- and chance-based classification are
illustrated using recent research investigating
the relationship between the temperature of an
Emergency Department (ED) patient and the
disease status [community-acquired pneumonia
(CAP) or influenza-like illness (ILI)] of the
patient.9 MDSA identified a descendant family
of two possible solutions for the sample of 200
patients which is presented in Table 1.
Bootstrap methodology using 10,000
iterations of a 50% resample with replacement3
is used to obtain the discrete 95% CI for model
classification accuracy. For this demonstration
the analysis was performed on the two-strata
model. The resulting estimates of ESS were
sorted and cumulated, yielding the results
presented in Table 2. As seen in Table 2, the 5%
bound of the discrete 95% CI for the model is
rounded as 26.0 (highlighted in yellow), and the

Table 2: Cumulated Results of Model Bootstrap
Quantile Estimate
100% Max
74.85
99%
62.60
95%
56.48
90%
53.25
75% Q3
48.99
50% Median
41.67
25% Q1
35.50
10%
29.58
5%
25.96
1%
19.65
0% Min
7.39
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For the chance effect 10,000 iterations of
Fisher’s randomization procedure is performed
using a 50% resample with replacement, and the
results are cumulated (see Table 3).

Yarnold PR, Soltysik RC (2014). Globally
optimal statistical classification models, I:
Binary class variable, one ordered attribute.
Optimal Data Analysis, 3, 55-77.
6

Yarnold PR, Soltysik RC (2014). Globally
optimal statistical models, II: Unrestricted class
variable, two or more attributes. Optimal Data
Analysis, 3, 78-84.

Table 3: Cumulated Results of Chance
Fisher’s Randomization
Quantile

100% Max
99%
95%
90%
75% Q3
50% Median
25% Q1
10%
5%
1%
0% Min

Estimate

31.13
18.76
14.25
12.19
8.06
4.32
2.25
0.19
0.19
0.19
0.19

7
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mechanics, 2nd edition. New York, NY,
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Wilde MM (2013). Quantum information
theory. Cambridge, UK, Cambridge University
Press.
9

Yarnold PR (2014). Triage algorithm for chest
radiography for community-acquired
pneumonia of Emergency Department patients:
Missing data cripples research. Optimal Data
Analysis, 3, 102-106.

As seen in Table 3, the 5% bound of the
discrete 95% CI for the model (highlighted in
blue) is given as 0.19 (see Table 1), and the 95%
bound (highlighted in blue) is rounded as 14.2
(see Table 1).
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UniODA vs. Polychoric Correlation:
Number of Lambs Born Over Two Years
Paul R. Yarnold, Ph.D.
Optimal Data Analysis, LLC

This study assesses agreement between number of lambs born to 227
ewes over two consecutive years. Polychoric correlation could not be
validly used to assess agreement because underlying distributional
assumptions were violated. Requiring no distributional assumptions,
UniODA identified moderate, statistically significant agreement.

Used to assess (inter-rater) agreement
between ordered-categorical data such as Likerttype ratings, polychoric correlation estimates
what the Pearson correlation would be if ratings
were made on a continuous scale.1 Assumptions
underlying the validity of this approach include
that the latent trait (T) on which ratings are
based is continuous and normally distributed;
the rating errors are normally distributed; the
variance of rating errors is homogeneous across
levels of T; and errors are independent between
raters and cases. If these assumptions are met
then the value of the polychoric correlation is
interpreted as a Pearson correlation.2
Prior research used the number of lambs
born to 227 ewes over two consecutive years to
illustrate polychoric correlation, conceptualizing
number of lambs born as a continuous, normally
distributed indicator of ewe fertility.2,3 For these
data (Table 1) polychoric correlation was 0.42,
but because a G2 statistic indicated underlying
assumptions were not satisfied this was not a
valid methodology for assessing agreement in
this example.3

Table 1: Number of Lambs Born to 227 Ewes
Over Two Years
----------------------------------------------------------------------

Lambs Born in 1953
Lambs Born in 1952

Zero

One

Two

Zero

58

52

1

One

26

58

3

Two

8

12

9

----------------------------------------------------------------------

UniODA may be used to assess (interrater) agreement without requiring distributional
assumptions.4-8 Irrespective of whether a nondirectional (exploratory, post hoc) or directional
(confirmatory, a priori) hypothesis was conducted, UniODA identified a linear model that
achieved explicitly maximum accuracy relative
to chance for the sample: if lambs born in 1952=
zero, predict lambs born in 1953=zero; if lambs
born in 1952=one, predict lambs born in 1953=
one; and if lambs born in 1952=three, predict
lambs born in 1953=three.
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This UniODA model was statistically
significant (p<0.0001) regardless of whether a
(non)directional hypothesis was tested, and
since the identical model emerged the ESS
(Effect Strength for Sensitivity, a normed index
of accuracy above chance: for any problem,
0=the accuracy expected by chance, and 100=
perfect, errorless classification) was 25.0,
reflecting an effect of moderate strength.4

Yarnold PR (2014). How to assess the intermethod (parallel-forms) reliability of ratings
made on ordinal scales: Evaluating and
comparing the Emergency Severity Index
(Version 3) and Canadian Triage Acuity Scale.
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UniODA vs. Bray-Curtis
Dissimilarity Index for Count Data
Paul R. Yarnold, Ph.D.
Optimal Data Analysis, LLC

The Bray-Curtis dissimilarity index is widely-used as an index of the
magnitude of compositional dissimilarity in the count of different
categories between two samples, yet it fails to address the statistical
reliability of the dissimilarity, the precise nature of the dissimilarity,
and the potential cross-generalizability of the findings. All of these
shortcomings are remedied by the use of UniODA in this application.

The Bray-Curtis dissimilarity index
(BCDI) is a widely-used index of the degree or
magnitude of difference (i.e., the compositional
dissimilarity) in the number or count of different
categories between two samples.1 When used
with raw count data the BCDI is obtained by
computing the sum of the absolute differences
between counts across categories, and dividing
this value by the sum of the abundances of the
counts across categories. The BCDI is bounded
at the extremes by 0 when the samples are
identical and by 1 when the samples are
“completely disjoint” (i.e., for each category the
count is zero for one sample and non-zero for
the other sample). The result is conventionally
multiplied by 100 and expressed in terms of a
percentage. Subtracting this value from 100
yields a measure of the similarity between the
two samples, called the Bray-Curtis Index
(BCI).1 For the data presented in Table 1, for
example, the BCDI is computed as 56.8%. The
magnitude of the computed BCDI index begs
three questions: (a) whether the magnitude of
the between-sample difference is statistically
reliable, or if the noted differences might be

attributable to chance-based variation in the
category counts; (b) specifically what categories
differentiate the two samples and in what
manner; and (c) whether a similar result might
accrue if a second independent random
assessment of the categories was conducted.
Table 1: Number (Count) of Five Ecological
Categories for Two Sampling Sites
----------------------------------------------------------------------

Sampling Site
Ecological Category

S29

S30

A

11

24

B

0

37

C

7

5

D

8

18

E

0

1

----------------------------------------------------------------------

It is straightforward to demonstrate that
univariate optimal (maximum-accuracy) data
analysis (UniODA) may instead be used to
assess inter-sample differences in a manner that
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addresses all three questions.2,3 For UniODA no
distributional assumptions are made concerning
the counts; either a non-directional (exploratory
or post hoc) or directional (confirmatory or a
priori) hypothesis regarding the nature of the
compositional dissimilarity may be evaluated;
and the inter-sample dissimilarity is expressed
on a normed scale called the effect strength for
sensitivity (ESS) that ranges from 0 (level of
dissimilarity that is expected by chance) to 100
(the samples are completely disjoint).
For the data in Table 1 the UniODA
model is: if sample=S29 then predict that
ecological category=A, C, or D; and if sample=
S30 then predict that ecological category=B or
E [addressing question (b)]. For this model p<
0.00016 [addressing question (a)], and ESS=
44.7. By convention, for every analysis ESS<25
reflects a relatively weak effect; ESS< 50 is a
moderate effect; ESS<75 is a relatively strong
effect; and ESS>75 is a strong effect.3 The
model correctly classified 26/26 (100%) of the
counts from sample S29, and 38/85 (44.7%) of
the counts from sample S30: these are indices of
model sensitivity. When the model predicted
that the sample was S29 it was correct for 26/73
(35.6%) of the counts, and then the model
predicted that the sample was S30 it was correct
for 38/38 (100%) of the counts: these are indices
of model predictive value. To address question
(c) a directional jackknife (“leave-one-out”)
validity analysis is conducted: here p<0.000004
and ESS=43.5, indicating that this finding is
expected to cross-generalize to an independent
random sampling of the ecological categories at
the two sampling sites.

3
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UniODA vs. ROC Analysis:
Computing the “Optimal” Cut-Point
Paul R. Yarnold, Ph.D.
Optimal Data Analysis, LLC

Receiver operator characteristic (ROC) analysis1 is sometimes used to
assess the classification accuracy achieved using an ordered attribute
to discriminate a dichotomous class variable, and in this context to
identify an “optimal” discriminant cutpoint. In ROC analysis the
optimal cutpoint corresponds to the threshold value at which distance
from the ROC curve to the point representing perfect classification
accuracy is minimized. This note discusses the difference between an
ROC-defined optimal discriminant threshold, and the optimal cutpoint
identified by UniODA that maximizes ESS for the sample.2 ROC and
UniODA methods are illustrated and compared for an application
involving prediction of Cesarean delivery.

The ROC curve is a plot that displays
sensitivity (“true positive rate”) on the ordinate,
and 1-specificity (“false positive rate”) on the
abscissa, for all possible threshold values (cutpoints) that separate class 0 and class 1 observations in the sample. The total area under the
ROC curve (AUC) is used as an index of the
classification performance (predictive validity)
of scores on the attribute. The greater the AUC
value, the greater the ability of scores on the
attribute to correctly classify the two class
categories for the sample: the AUC is samplespecific—that is, it isn’t normed against chance.
In ROC analysis the distance d between the
point representing perfect classification and any
point on the ROC curve is: d=√[(1-sn)2+(1-sp)2],
where sn=sensitivity and sp=specificity. The
optimal cutpoint for discriminating the class
categories in ROC analysis is defined as the
threshold value associated with the minimum

value of d. In contrast, in UniODA the optimal
threshold is defined as the cutpoint maximizing
the value (sn+sp)/2, that yields the maximum
possible ESS for the sample: ESS=0 indicates
accuracy expected by chance, and ESS=100
indicates perfect discrimination.2 Because √[(1sn)2+(1-sp)2] and (sn+sp)/2 aren’t isomorphic,
ROC analysis and UniODA mustn’t identify
identical optimal discriminant threshold values
for a given sample.
These competing methods are illustrated
for an application predicting Cesarean delivery
(the dichotomous class variable) on the basis of
duration of membrane rupture (in hours) for a
sample of n=166 hospitalized women.3 For this
sample Table 1 presents every possible cutpoint
value (ranging from 0 to 21.5), as well as the
corresponding values of sensitivity, 1-specificity, specificity, ROC distance measure d, and
the UniODA performance measure ESS.
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Table 1: Computing the “Optimal” Cut-Point Value by ROC Analysis versus by UniODA
Optimal
Value

ROC
ODA

Point

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36

Cutpoint

Sensitivity

0.00
0.63
0.88
1.25
1.75
2.13
2.38
2.75
3.25
3.75
4.50
5.13
5.38
5.75
6.25
6.75
7.13
7.38
7.75
8.25
8.75
9.25
9.75
10.25
10.75
11.50
12.50
13.50
14.50
15.50
16.50
17.50
18.50
19.50
20.25
21.50

1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000
0.971
0.971
0.971
0.914
0.914
0.857
0.857
0.857
0.800
0.800
0.743
0.743
0.543
0.543
0.457
0.400
0.343
0.286
0.257
0.200
0.171
0.143
0.114
0.057
0.000

1-Specificity

1.0000
0.9760
0.9690
0.8900
0.8660
0.8190
0.8110
0.7800
0.7170
0.7090
0.6460
0.5830
0.5750
0.5510
0.3780
0.3460
0.2910
0.2830
0.2760
0.1892
0.1810
0.1100
0.1020
0.0390
0.0310
0.0240
0.0080
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

As seen, the minimum distance d is 0.27
(shown in red), corresponding to an optimal
cutpoint of 8.75 for ROC analysis. The optimal
ESS value is 64.1 (shown in green), corresponding to an optimal cutpoint of 9.75 for
UniODA. ESS is 61.9 for the ROC cutpoint,
yielding 3.4% lower classification performance
than was obtained using UniODA. These results
clearly demonstrate that ESS achieved using this

Specificity

0.0000
0.0240
0.0310
0.1100
0.1340
0.1810
0.1890
0.2200
0.2830
0.2910
0.3540
0.4170
0.4250
0.4490
0.6220
0.6540
0.7090
0.7170
0.7240
0.8108
0.8190
0.8900
0.8980
0.9610
0.9690
0.9760
0.9920
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000

Distance

1.00000
0.97600
0.96900
0.89000
0.86600
0.81900
0.81100
0.78000
0.71700
0.70900
0.64600
0.58372
0.57573
0.55176
0.38766
0.35653
0.32424
0.31708
0.31085
0.27531
0.26974
0.27955
0.27650
0.45866
0.45805
0.54353
0.60005
0.65700
0.71400
0.74300
0.80000
0.82900
0.85700
0.88600
0.94300
1.00000

ESS

0
2.40
3.10
11.00
13.40
18.10
18.90
22.00
28.30
29.10
35.40
38.80
39.60
42.00
53.60
56.80
56.60
57.40
58.10
61.08
61.90
63.30
64.10
50.40
51.20
43.30
39.20
34.30
28.60
25.70
20.00
17.10
14.30
11.40
5.70
0

ROC analysis approach is not explicitly optimal.
Understanding the extent to which maximum
ESS is underachieved in the literature requires
additional research examining many different
applications. However, unless the UniODA
approach is employed in any given application,
it is clear that the magnitude of suboptimality
will remain unknown.
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It should be noted that differential costs
of both types of misclassifications are important
in some applications—such as the diagnosis of
disease, for example. Indeed, the same point
may also be raised regarding the differential
effect of both types of correct classifications.
UniODA provides the most powerful
methodology for including these additional
types of considerations.2
In the maximum-accuracy paradigm
every application and hypothesis (not only ROC
analysis) can be weighted using any quantitative
index (e.g., desirability, valence, threat, fear,
cost, return, price, distance, time, mass, etc.).
Differential weights may be assigned to
differential class categories: for example, class 0
(negative) observations can be weighted using
increasingly large weights (e.g., successive
integers) until the desired level of specificity is
attained. The same procedure may be used to
over-weight class 1 (positive) observations and
thereby maximize sensitivity. And, of course, a
series of numerical weights for each observation
can be multiplied, in order to model the overall
interactive effect of the profile of weights.
If an application involves multiple
weights for multiple aspects of the decisionmaking outcomes, then depending on the
application a MCDM approach conducted
separately by individual, or for a group, might
(i.e., possibly could meaningfully) be used to
define a gestalt weight, or solutions involving
separate weighting strategies can be developed
and compared in the context of the application.
Weights can be obtained for and
assigned to the class categories (UniODA
software can analyze problems involving up to
ten separate class categories). Alternatively,
weights can be applied individually to each
subject in the study—since not all people have
the same weighting priorities.
A tremendous unique advantage of
maximum-accuracy methods is that (weighted)
classification accuracy is summarized using
the normed ESS index on which 0 is the

(weighted) accuracy expected by chance, and
100 is perfect (weighted) classification
accuracy. In this manner solutions can be
meaningfully compared between different
applications, by removing the accuracy expected
simply by chance from the solutions. It is
important to understand that unlike the normed
ESS statistic, the maximum overall accuracy
solution, (True Positives + True Negatives)/N,
is not normed against chance.2
Probably the most important unique
advantage, however, is that unlike all other
methods, only novometric maximum-accuracy
methods can identify the entire descendant
family of possible strata (cutpoints) for an
application, rather than being limited to one
cutpoint.4 This is important in applications
where there are multiple groups of people who
have different weighting strategies. Combining
disparate groups and developing only one
stratification criterion can result in paradoxical
confounding: in the worst cases of confounding
the combined solution can represent a very poor
solution for all of the different sample strata.5
Therefore, use of optimal methods ensures the
discovery of models that yield maximum
(weighted) accuracy for every hypothesis and
sample, and the identification of valid models
yielding more reproducible findings than
models obtained using alternative methods.6
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UniODA vs. Kendall’s Coefficient
of Concordance (W): Multiple
Rankings of Multiple Movies
Paul R. Yarnold, Ph.D.
Optimal Data Analysis, LLC

Kendall's coefficient of concordance W is a non-parametric statistic
used to assess agreement in rankings of multiple stimuli made by
multiple raters. A normalization of the test statistic for Friedman’s
non-parametric alternative to ANOVA with repeated measures, W
ranges from 0 (no agreement) to 1 (complete agreement).1-3 Problems
with W include complications arising from tied rankings, invalid Type
I error estimates for small samples, the absence of an effect strength
index normed versus chance, and the absence of an explicit model
relating ranks to stimuli. The use of UniODA to assess inter-rater
agreement is demonstrated as an alternative approach that overcomes
these issues.

W is typically used in applications with
three or more raters, while Cohen’s Kappa is
typically used to assess agreement for a pair of
ratings.4-6 W is not a correlation coefficient but
it is linearly related to the mean Spearman's
rank correlation coefficient obtained for all pairs
of rankings. When computing W tied rankings
are replaced by the mean of the ranks that would
have be assigned if no ties had occurred, serving
to reduce the magnitude of W. When there are
many ties (this is a qualitative assessment) a
correction is employed. Statistical significance
of W is commonly assessed using chi-square,
but when this methodology is invalid because
the minimum expectation is small, bootstrap
assessment is instead appropriate.2,7

Demonstrated in this note, UniODA
provides an exact alternative methodology for
assessing omnibus inter-rater agreement in
applications involving ten or fewer raters: tied
rankings are not an issue; exact Type I error is
provided regardless of the sample size; a
measure of effect strength normed versus
chance is given; and an explicit model
discriminating stimuli on the basis of rater
rankings is presented.6,8
Data involved rankings of eight movies
made by seven raters.3 For this example W =
0.635 (mean Spearman r=0.574), suggesting
moderate levels of inter-rater agreement. Chisquare indicated statistically marginal rejection
of the null hypothesis of no agreement among
raters: p<0.0591. However, because the
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expected values for ratings of movies C (4.6),
G (1.7) and H (1.9) were all less than five, chisquare is an invalid approximation in this
application.7
These data were analyzed using
UniODA6,9 and the following maximumaccuracy model was identified:
IF
IF
IF
IF
IF
IF
IF
IF
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RANK <= 1.5 THEN MOVIE = H
1.5 < RANK <= 2.25 THEN MOVIE = G
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would remedy this issue); a normed index of
effect strength was provided; and a model
explicitly identifying how ranks discriminated
movies was identified.
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Control commands6 used to conduct analysis:
VARS MOVIE RANK;
CLASS MOVIE;
ATTR RANK;
MCARLO ITER 1000 TARGET .05
STOP 95.0 STOPUP 95.0;
GO;
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