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Standard regression models best predict values that lie near the 

mean.  Three examples illustrate how optimization of the regres-

sion model using an established methodology greatly improves 

accurate prediction of extreme values. 

 

Linear regression models fail to predict 

extreme values in the training sample accurately 

unless the linear association is nearly perfect, 

due to the phenomenon known as regression 

toward the mean.
1
  In practical terms this means 

linear regression models predict values which 

are near the mean better than they predict values 

which deviate from the mean: the more extreme 

a given value is relative to the mean, the worse 

its prediction by regression models. To facilitate 

clarity, we demonstrate experimentally how this 

shortcoming exists even for small samples, via a 

simulation involving one independent and one 

dependent variable—representing the simplest 

case—and a sample of only N=15 observations. 

First, 500 artificial datasets were con-

structed, each by randomly shuffling an array 

consisting of integers 1-15 inclusive, and then 

pairing this array with another randomly shuf-

fled array consisting of integers 1-15, thereby 

creating a set of 15 randomly paired data values. 

The simplest case of a regression model, the 

Pearson correlation (r) was then computed for 

each of  these 15 randomly  paired  data values.   

The  first  100  datasets  which  were  identified  

having associated 0.5<r<0.6 were saved, as 

were the first 100 datasets having 0.6<r<0.7, 

0.7<r<0.8, 0.8<r<0.9, and 0.9<r. 

Second, separately for each data set, a 

regression model was used to compute the pre-

dicted score ( ̂i) for each observation, which 

was rounded to the nearest integer, i(INT).  We 

then counted, for all 100 models, how many of 

the actual yi values—that is, of the integers 1 

through 15 inclusive—were the same as were 

predicted: that is, yi= i(INT). 

The results of this simulation are given 

in Table 1, in which yi values are indicated in 

the column labeled “Target.”  For example, if 

0.7<r<0.8, the value “4” was correctly predicted 

3% of the time across the 100 different analyses; 

“5” was correctly predicted 40% of the time, 

“6” 100% of the time; and “3” was never pre-

dicted correctly.  As seen, regression models 

associated with correlations ranging in magni-

tude between 0.8 (R
2
=0.64) and 0.9 (R

2
=0.81) 

were unable to predict any of the most extreme 

target integers (i.e., 1-3, 13-15) constituting the 

40% of most extreme values in the sample. 
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Table 1: The Probability of Correctly Predicting 

   Target Values using Regression, Cumulated 

         Over 100 Data Sets in each Column 

--------------------------------------------------------------- 

                           Correlation Domain 

Target    .5<r<.6   .6<r<.7   .7<r<.8   .8<r<.9   .9<r 

--------------------------------------------------------------- 

    1                                                               .13 

    2                                                               .42 

    3                                                               .85 

    4                                                    .03        1 

    5                                                    .40        1 

    6                                       .33          1         1 

    7          .91            1            1           1         1 

    8           1              1            1           1         1 

    9           1              1            1           1         1 

  10                                       .37          1         1 

  11                                                    .40        1 

  12                                                    .03        1 

  13                                                                 1 

  14                                                               .42 

  15                                                               .18 

ESS       13.6        14.3        19.3     34.7     78.6 
--------------------------------------------------------------- 

Note: Missing values indicate p=0.  ESS is an index 

of classification accuracy on which 0=classification 

accuracy expected by chance, and 100=errorless 

classification. 

 Findings of this simulation indicate that 

only when r approaches 1.0 will the prediction 

of extreme values attain ecologically meaning-

ful levels.  This is problematic because the F test 

used to assess statistical significance of regres-

sion model parameters involves dividing the 

sum of squares for the model by the sum of 

squares for error.
2
  As r approaches one, the 

sum of squares for error approaches zero, and 

the resulting division by zero induces numerical 

instability (i.e., “bouncing betas”). Therefore, 

before linear regression models are capable of 

achieving good predictive validity for extreme 

values, numerical instability induces cata-

strophic algorithm failure.  As real-world sam-

ples increase in size they may become domi-

nated by mediocre values, and/or demonstrate 

characteristics such as bipolarity, multimodality, 

and skew—in violation of crucial assumptions 

underlying regression, and working against ac-

curate prediction of extreme values.  As seen in 

Table 1, simulation results also reveal that for 

.5<r<.8, the only target values predicted accu-

rately lie within 0.5 to 1.5 units of the mean 

(7.5) of the 15 response values.  

Optimizing Regression Models 

to Maximize ESS 

Prior work has shown that an effective 

way to increase the classification accuracy 

achieved by suboptimal multivariable models 

derived by discriminant, logistic regression, and 

probit analysis is to conduct UniODA-based 

adjustment of cutpoints used to interpret 

predicted scores ( i).
3-5

 

Within every quantitative discipline, 

many applications involve dependent variables 

which are measured using Likert-type ratings 

having ten or fewer discrete ordered response 

categories.
6,7

  For such applications, the optimi-

zation process is straightforward:  obtain the 

suboptimal linear model; construct a dataset 

having values for yi (class variable) and i (at-

tribute) for every observation; use UniODA to 

predict class as a function of i; and assess 

classification performance.
3-5,8,9

  Below we pre-

sent three examples of this process, using de-

pendent variables measured with 7-, 5-, and 10-

point response scales, respectively. 

Example 1: Vacation Enjoyment 

 The first example involves five multiple 

regression predictors of an ordered 7-point out-

come measure.  The dependent variable was 

how much people (N=787 college undergradu-

ates) enjoyed their last vacation, rated using a 7-

point Likert-type scale (1=“very little”, 7=“a 
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great deal”).  The independent variables were 

five scales selected from the Ways of Savoring 

Checklist (WOSC), a self-report measure of 

strategies people use to regulate positive feel-

ings: sharing with others (SWO), self-congratu-

lation (SC), temporal awareness (TA), counting 

blessings (CB), and kill-joy thinking (KJT).  

Mean scores on these scales range between 1 

and 7, with higher values indicating greater use 

of the particular savoring strategy.
10

  The omni-

bus linear multiple regression model, i=4.01+ 

0.23SWO+0.15SC+0.14TA+0.14CB-0.39KJT, 

was statistically reliable [F(5,781)=147.1, p< 

0.0001, R
2
=0.70], and each independent variable 

had a statistically reliable independent contribu-

tion (p’s<0.0001). 

 Table 2 presents the cutpoints used on i 

to obtain the predicted “target” value, for each 

of the seven values of the dependent variable, 

first for standard regression analysis (the indi-

cated cutpoint strategy is used for all such 7-

point Likert-type scales) and then for optimized 

regression analysis (cutpoints were optimized 

for the particular data in this example, and typi-

cally vary across applications).  For example, 

for i=4.12, the predicted value of the depend-

ent variable is 4 for standard regression analysis, 

and 2 for optimized regression analysis. 

Table 2: Cutpoints on i used for Obtaining the 

       Predicted Target Value, for Standard and 

     Optimized Multiple Regression: Example 1 
--------------------------------------------------------------- 

                      Standard                 Optimized 

Target          Regression               Regression 
--------------------------------------------------------------- 

    1                 i < 1.5                    i < 3.7    

    2            1.5 < i < 2.5           3.7 < i < 4.6 

    3            2.5 < i < 3.5           4.6 < i < 4.7 

    4            3.5 < i < 4.5           4.7 < i < 5.3 

    5            4.5 < i < 5.5           5.3 < i < 5.8 

    6            5.5 < i < 6.5           5.8 < i < 6.5 

    7                5.5 < i                   6.5 < i  

--------------------------------------------------------------- 

 Table 3 gives classification results using 

standard versus optimized regression to predict 

the “target” value of the dependent measure, yi.  

Given for both models, for every target value, is 

the total number of correct predictions of the 

target value divided by the total number of 

instances of the target value in the sample, and 

the sensitivity (accuracy) of the model for each 

target value of the dependent measure.  

Table 3: Predicting Individual Target Values by 

   Standard vs. Optimized Multiple Regression: 

    Modeling Vacation Enjoyment (Example 1) 
--------------------------------------------------------------- 

                      Standard                 Optimized 

Target          Regression               Regression 
--------------------------------------------------------------- 

    1             0/12       0.0%           8/12     66.7% 

    2             0/13       0.0%         11/13     84.6% 

    3             1/20       5.0%           1/20       5.0% 

    4           11/36     30.6%         13/36     36.1% 

    5           31/79     39.2%         29/79     36.7% 

    6         113/183   61.7%         84/183   45.9% 

    7         254/444   57.2%       270/444   60.8% 

  ESS                15.8                           39.3 
--------------------------------------------------------------- 
Note: Tabled for each Target Value (each different integer 

between 1 and 7, inclusive) are the number of correctly 

predicted (numerator) Target Values; the total number of 

each Target Value in the sample (denominator); and the 

percentage accuracy obtained in classifying each Target 

Value.  ESS is tabled for standard and optimized multiple 

regression models. The greatest sensitivity which was 

obtained for each Target Value is indicated in red. 

 As seen in this table, standard regression 

achieved 0% success in correctly predicting ei-

ther of the two lowest response scale (target) 

values (1, 2), as compared with 67% or greater 

success for optimized regression.  Optimized 

regression also predicted the highest response 

scale (target) value (7) with greater success than 

standard regression.  In contrast, standard re-

gression achieved greatest success (and actually 

did better than optimized regression) in pre-

dicting target values 5 and 6, which were close 
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to the sample mean score (6.2) on the dependent 

variable.  Overall, the accuracy achieved by 

standard regression (ESS= 15.8) corresponds to 

a weak effect, vs. a moderate effect (ESS=39.3) 

for optimized regression, which yielded a 149% 

boost in classification performance. 

The UniODA solution was obtained in 

482 CPU seconds, running ODA software
8
 on a 

3 GHz Intel Pentium D microcomputer. 

Example 2: Optimistic Benefit-Finding 

in the Face of Adversity 

 Next we consider an example involving 

the use of three multiple regression predictors of 

a 5-point outcome measure.  The dependent 

variable was optimistic benefit-finding, or the 

positive cognitive reappraisal of adversity (item 

#11 from the Life Orientation Test): “I’m a 

believer that every cloud has a silver lining” 

(0=strongly disagree; 1=disagree; 2=neutral; 

3=agree; 5= strongly disagree).
11

  We used three 

independent measures to predict this outcome 

for a sample of N=774 college undergraduates: 

the savoring the moment (SM) subscale of the 

Savoring Beliefs Inventory
12

; an index of self- 

esteem (SE) adapted from Rosenberg
13

; and the 

positive affectivity (PA) subscale of the Affect 

Intensity Measure.
14

  The linear multiple regres-

sion model, i=0.14+0.15SM+0.21SE+ 0.24PA, 

was statistically reliable [F(3,770)=37.2, p< 

0.0001, R
2
=0.36], and each independent variable 

had a reliable independent contribution (all p’s< 

0.0001). 

 Table 4 presents the cutpoints used on i 

to obtain the predicted “target” value, for each 

of the five values of the dependent variable, first 

for standard regression analysis (the indicated 

cutpoint strategy is used for all such 5-point 

Likert-type scales) and then for optimized re-

gression analysis (cutpoints were optimized for 

the particular data in this example, and typically 

vary across applications).  For example, for 

i=2.31, the predicted value of the dependent 

variable is 2 for standard regression analysis, 

and 1 for optimized regression analysis. 

 Table 4: Cutpoints on i used for Obtaining the 

       Predicted Target Value, for Standard and 

     Optimized Multiple Regression: Example 2 
--------------------------------------------------------------- 

                      Standard               Optimized 

Target          Regression             Regression 
--------------------------------------------------------------- 

    0                 i < 0.5                  i < 2.27    

    1            0.5 < i < 1.5         2.27 < i < 2.38 

    2            1.5 < i < 2.5         2.38 < i < 2.55 

    3            2.5 < i < 3.5         2.55 < i < 2.59 

    4                i > 3.5                   i > 2.59 

--------------------------------------------------------------- 

 Table 5 gives classification results using 

standard versus optimized regression to predict 

the “target” value of the dependent measure, yi.  

Given for both models, for every target value, is 

the total number of correct predictions of the 

target value divided by the total number of 

instances of the target value in the sample, and 

the sensitivity (accuracy) of the model for each 

target value of the dependent measure. 

While standard regression achieved 0% 

success in correctly predicting either of the most 

extreme target values, optimized regression had 

56% success predicting the lowest target value 

(0) and 75% success predicting the greatest tar-

get value (4).  Optimized regression also pre-

dicted the next-most extreme target value (1) 

with 25% success, versus less than 2% for 

standard regression.  In contrast, standard re-

gression classified target values 2 and 3—which 

bordered the mean target value of 2.5—more 

accurately (46% and 62%, respectively) than 

optimized regression (24% and 8%).  Overall, 

the accuracy achieved by standard regression 

corresponds to a miniscule effect: ESS= 2.4.  

Optimized regression managed a weak effect 

(ESS=21.9), representing a 812% boost in clas-

sification performance vs. standard regression. 

The UniODA solution was obtained in 

90 CPU seconds, running ODA software
8
 on a 3 

GHz Intel Pentium D microcomputer. 
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Table 5: Predicting Individual Target Values by 

Standard vs. Optimized Multiple Regression: 

Modeling Optimistic Benefit-Finding 

(Example 2) 
--------------------------------------------------------------- 

                      Standard                 Optimized 

Target          Regression               Regression 
--------------------------------------------------------------- 

    0             0/16       0.0%           9/16     56.2% 

    1             1/61       1.6%         15/61     24.6% 

    2         146/316   46.2%         76/316   24.1% 

    3         166/269   61.7%         21/269     7.8% 

    4             0/112     0.0%         84/112   75.0% 

  ESS                  2.4                           21.9 
--------------------------------------------------------------- 
Note: Tabled for each Target Value (for each different 

integer between 1 and 5, inclusive) are the number of cor-

rectly predicted (numerator) Target Values; the total 

number of each Target Value in the sample (denomina-

tor); and the percentage accuracy obtained in classifying 

each target Value.  ESS is tabled for standard and opti-

mized multiple regression models.  The greatest sensitiv-

ity obtained for each Target Value is indicated in red. 

Example 3: Looking Forward to 

Receiving a Good Grade 

 Finally, we present an example involv-

ing the use of four multiple regression predic-

tors of a 10-point outcome measure.  The de-

pendent variable was how much students 

(N=629 college undergraduates) who received a 

good grade on an academic task (test or paper) 

looked forward to the outcome beforehand, as 

assessed by a modified version of item #6 from 

the Ways of Savoring Checklist (“To what ex-

tent did you look forward to the last time you 

got a good grade on a test or paper?”), which 

employs a 10-point Likert-type response scale 

(1=“not much”; 10=”a great deal”).
10

  The inde-

pendent variables, which also used  10-point 

Likert-type response scales, were how often re-

spondents receive good grades (frequency: 1=“it 

does not happen very often”, 10=“it happens 

very often”), the degree to which they expected 

the good grade to occur (expectancy: 1=“I did 

not expect it to happen”, 10=“I expected it to 

happen”), how long their experience of getting 

the good grade lasted (duration: 1=“it lasted a 

short time”, 10=“it lasted a long time”), and 

how desirable the good grade was (desirability: 

1=“worse thing that could happen”, 10=“best 

thing that could happen”).  The linear multiple 

regression model, I=0.42+0.12frequency+0.15 

expectancy+0.19duration+0.31desirability, was 

statistically reliable [F(4,624)=19.2, p<0.0001, 

R
2
=0.33], and each independent variable had a 

reliable independent contribution (p’s< 0.0001). 

 Table 6: Cutpoints on i used for Obtaining the 

       Predicted Target Value, for Standard and 

     Optimized Multiple Regression: Example 3 
--------------------------------------------------------------- 

                      Standard               Optimized 

Target          Regression             Regression 
--------------------------------------------------------------- 

    1                 i < 1.5                  i < 4.97    

    2            1.5 < i < 2.5         4.97 < i < 5.47 

    3            2.5 < i < 3.5         5.47 < i < 5.94 

    4            3.5 < i < 4.5         5.94 < i < 5.97 

    5            4.5 < i < 5.5         5.97 < i < 6.31 

    6            5.5 < i < 6.5         6.31 < i < 6.50 

    7            6.5 < i < 7.5         6.50 < i < 6.56 

    8            7.5 < i < 8.5         6.56 < i < 7.02 

    9            8.5 < i < 9.5         7.02 < i < 7.78 

  10                i > 9.5                   i > 7.78 

--------------------------------------------------------------- 

 Table 6 presents the cutpoints used on i 

to obtain the predicted target value, for each of 

the ten values of the dependent variable, first for 

standard regression analysis (the indicated cut-

point strategy is used for all such 10-point Lik-

ert-type scales) and then for optimized regres-

sion analysis (cutpoints were optimized for the 

particular data in this example, and typically 

vary across applications).  For example, for i= 

4.49, the predicted value of the dependent vari-

able is 4 for standard regression analysis, and 1 

for optimized regression analysis. 
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Table 7: Predicting Individual Target Values by 

Standard vs. Optimized Multiple Regression: 

Modeling Looking Forward to a Good Grade 

(Example 3) 
--------------------------------------------------------------- 

                      Standard                 Optimized 

Target          Regression               Regression 
--------------------------------------------------------------- 

    1             0/42       0.0%         14/42     33.3% 

    2             0/45       0.0%         17/45     37.8% 

    3             1/52       1.9%         17/52     32.7% 

    4             4/60       6.7%           3/60       5.0% 

    5           21/70     30.0%         14/70     20.0% 

    6           44/92     47.8%         15/92     16.3% 

    7           19/89     21.4%           7/89       7.9% 

    8             0/69       0.0%         14/69     20.3% 

    9             0/60       0.0%         14/60     23.3% 

   10            0/50       0.0%          2/50        4.0% 

  ESS                  0.86                         11.18 
--------------------------------------------------------------- 
Note: Tabled for each Target Value (for each different 

integer between 1 and 10, inclusive) are the number of 

correctly predicted (numerator) Target Values; the total 

number of each Target Value in the sample (denomina-

tor); and the percentage accuracy obtained in classifying 

each target Value.  ESS is tabled for standard and opti-

mized multiple regression models.  The greatest sensitiv-

ity obtained for each Target Value is indicated in red. 

 Table 7 gives classification results using 

standard versus optimized regression to predict 

the “target” value of the dependent measure, yi.  

Given for both models, for every target value, is 

the total number of correct predictions of the 

target value divided by the total number of 

instances of the target value in the sample, and 

the sensitivity (accuracy) of the model for each 

target value of the dependent measure. 

As seen in this table, consistent with the 

prior examples, standard regression achieved 

greatest accuracy when predicting target values 

(4-7) which bordered the sample mean (5.8).  

Also consistent across examples, standard re-

gression correctly predicted few—presently one 

of the 318 most extreme target values (1-3, 8-

10), for a paltry 0.3% success rate.  In contrast, 

optimized regression consistently correctly pre-

dicted many more—here 78 of these most ex-

treme values, corresponding to a 24.5% success 

rate.  Overall, the accuracy achieved by standard 

regression was negligible: ESS=0.9.  Optimized 

regression managed a weak effect (ESS=11.2), 

representing a 1,300% boost in classification 

performance compared to standard regression. 

 The UniODA solution was obtained in 

80,015 CPU seconds, running ODA software
8
 

on a 3 GHz Intel Pentium D microcomputer. 

Discussion 

In many real-world applications the 

middle value (center) of an ordered scale repre-

sents by design an uncertainty, equivalency, or 

indecision zone.  For example, when assessing a 

person’s satisfaction via a 7-point Likert-type 

survey item having response options 1-7, it is 

common practice for values below the midpoint 

(4) to represent increasingly dissatisfied respon-

ses, and for values above the midpoint to repre-

sent increasingly satisfied responses.  Decision-

makers may be primarily interested in predicting 

extreme values on their measures, versus values 

that lie near the middle of the scale.  Findings in 

this study indicate that one can use optimized 

regression to maximize accurate prediction of 

extreme values on dependent measures, even if 

the overall model R
2
 is extremely high. 

Future research in this area is clearly 

warranted.  An empirical literature consisting of 

applications comparing standard and optimized 

regression model performance is needed, which 

includes distributional information for depend-

ent and independent variables, as well as esti-

mated cross-generalizability of each model to an 

independent random sample (e.g., hold-out 

and/or jackknife validity analysis, bootstrap 

analysis).  When a critical mass of information 

is available, meta-analysis of the accumulated 

literature will facilitate better understanding of 

the capabilities and limitations of UniODA-

boosting for multiple regression analysis.  Also, 

this boosting methodology should be extended 
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to applications involving a dependent measure 

consisting of more than ten discrete levels—the 

current limit for UniODA software used vis-à-

vis the methodology described herein. 
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